EXTENSIONS OF TEMPERED REPRESENTATIONS 
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Abstract. Let tt, n' be irreducible tempered representations of an affine Hecke 
algebra "H with positive parameters. We compute the higher extension groups 
Ext^iji, tt') explicitly in terms of the representations of analytic R-groups corre- 
sponding to TT and tt'. The result has immediate applications to the computation 
of the Euler-Poincare pairing EP{n,n'), the alternating sum of the dimensions 
of the Ext-groups. The resulting formula for EP{tt,tt') is equal to Arthur's for- 
mula for the elliptic pairing of tempered characters in the setting of reductive 
p-adic groups. Our proof applies equally well to afHne Hecke algebras and to re- 
ductive groups over non-archimedean local fields of arbitrary characteristic. This 
sheds new light on the formula of Arthur and gives a new proof of Kazhdan's 
orthogonality conjecture for the Euler-Poincare pairing of admissible characters. 
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Introduction 

Let F be a non-archimedean local field, and let L be the group of F-rational points 
of a connected reductive algebraic group defined over F. In this paper we will com- 
pute the vector space of higher extensions Ext2(V^, V) between smooth irreducible 
tempered representations V, V' of L in the abelian category of smooth representa- 
tions of L. In the formulation of the result a predominant role is played by the so 
called analytic R-groups which, by classical results due to Harish-Chandra, Knapp, 
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Stein and Silberger, are fundamental in the classification of smooth irreducible tem- 
pered representations |HC1 IKnStl ISilj . The result applies to the computation of 
the Euler-Poincare pairing for admissible tempered representations of L. In partic- 
ular, this leads to a new proof for the "homological version" of Arthur's formula 
for the elliptic pairing of tempered characters of L [Art! IRee] and to a new proof 
for Kazhdan's othogonality conjecture [Kaz| for the elliptic pairing of general ad- 
missible characters of L (which was previously proved by Bezrukavnikov [Bez] and 
independently by Schneider and Stuhler |ScSt] ). 

The first and crucially important step is a result of Meyer |Mey2| showing that 
there exists a natural isomorphism Ext^^j^^(F, V) ~ Ext^^^^(y, V') where S{L) de- 
notes the Harish-Chandra Schwartz algebra of L. Here ^{L) and 5(L) are considered 
as bornological algebras and the Ext-groups are defined in categories of bornological 
modules, see |Meyl| . Recently the authors found an alternative proof of this result 
without the use of homologies |OpSo3| . 

The Schwartz algebra is a direct limit of the Frechet subalgebras 5(-L, K) = 
eKS{L)eK of X-biinvariant functions in S{L), where K runs over a system of 
"good" compact open subgroups of L. One can prove by Morita equivalence that 
Extg(^j^^{V,V') ~ Ex.t^g^j^ j^^{V^ ,V'^) if V is generated by its K-invariant vectors 
(see Section[7|). Now we use the structure of S{L,K) provided by Harish-Chandra's 
Fourier isomorphism [Walj in order to compute the right hand side. More precisely, 
we take the formal completion of the algebra S{L, K) at the central character of 
, and show that this is Morita equivalent to a (twisted) crossed product of a 
formal power series ring with the analytic R-group. Finally, the Ext-groups of such 
algebras are easily computed using a Koszul resolution. 

All ingredients necessary for the above line of arguments have been developed 
in detail in the context of abstract affine Hecke algebras as well [DeOpl DeOp2 



OpSol|. The analytic R-groups are defined in terms of the Weyl group and the 



Plancherel density, all of which allow for explicit determination [Sloj . We will use 
the case of abstract affine Hecke algebras as the point of reference in this paper. In 
section [7] we will carefully formulate the results for the representation theory of L, 
and discuss the adaption of the arguments necessary for the proofs of those results. 

The main technical difficulties to carry out the above steps arise from the ne- 
cessity to control the properties of the formal completion functor in the context 
of the Frechet algebras S{L,K), which are far from Noetherian. The category of 
bornological S{L, i(')-modules is a Quillen exact category |Qui| with respect to exact 
sequences that admit a bounded linear splitting. This implies (as used implicitly 
above) that the Ext-groups over the algebras S{L,K) are well-defined with respect 
to this exact structure. But the bounded linear splittings are not preserved when 
taking the formal completion at a central character, and this forces us to make 
careful choices of the exact categories with which to work. 

We will now discuss the main results of this paper in more detail. Let us first 
recall some basic facts on analytic R-groups. Let Ti denote an abstract affine Hecke 
algebra with positive parameters. By |DeQpl| the category of tempered 7^-modules 
of finite length decomposes into "blocks" which are parameterized by the set H^n/W 
of orbits of tempered standard induction data ^ G S„„ for H under the action of the 
Weyl groupoid W for "H. To such a standard tempered induction datum ^ e one 
attaches a tempered standard induced module 7r(^), which is a unitary tempered 
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■H-module. The block Modf^y\;^{S) of tempered modules associated with is 
generated by vr(^). The space of tempered induction data is a finite disjoint 
union of compact tori of various dimensions. In particular, at each ^ € Hu„, there 
exists a well defined tangent space T^{Eun)- With the action of the Weyl groupoid 
we obtain a smooth orbifold 

XI W. The isotropy group C W of ^ admits a 
canonical decomposition = W{R^) x 9^^. Here W{R^) is a real reflection group 
associated to an integral root system in r^(H„„) and 9^^ is a group of diagram 
automorphisms with respect to a suitable choice of a basis of R^. The subgroup 
is called the analytic R-group at ^. Since W{R^) is a real reflection group, 
the quotient (in the category of complex affine varieties) (T^(H„„) (8)]r C)/W{R^) is 
the complexification of a real vector space -Eg which carries a representation of 
The D'lg-representation i?^ is independent of the choice of ^ in its orbit W^, up to 
equivalence. 

The Knapp-Stein linear independence theorem (Theorem 14. ip for affine Hecke 
algebras | DeQp2| states that the commutant of 7r(^)(?^) in Endc(vr(^)) is isomorphic 
to the twisted group algebra C[9^g,K;g] of the analytic R-group where is a 
certain 2-cocycle. This sets up a bijection 

Irr(C[ing, Kg]) < — > Irrwg(5) 

between the set of irreducible representations of C[lHg, Kg] and the set of irreducible 
objects in Modj^>vg(5). Hence the collection 7r(^,p) where runs over the set of 
W-orbits in and p runs over the set of irreducible representations of C[9^g, Kg] is 
a complete set of representatives for the equivalence classes of tempered irreducible 
representations of Ti. 

Let 9^g be the Schur extension of IHg and let pg G C[9^g] be the central idempotent 

corresponding to the two-sided ideal C[9^g,K^^] C C[9^g]. The first main result 
of this paper is a generalization of the Knapp-Stein Theorem. It establishes an 
equivalence between the category of 5-modules with generalized central character 
and the module category of the complex algebra 

^g :=Pg(S(i?g) X d^l) - (S(i?g) ^Endc(pgC[<n|])) ^ 

Here S{E^) denotes the algebra of complex valued polynomial functions on and 

S{E^) is its formal completion at G £'g. The group DX^ acts on this space through 
its natural quotient JHg. Consider the ^g-module 

D := (5(Eg) ® Homc(vr(e),pgC[lH|])] ^ 

The Fourier isomorphism ()23p from |DeOpl[ Theorem 5.3] implies that D also admits 
a natural right 5-module structure, turning it into a >lg-5-bimodule. To make the 
above precise we consider the categories Modbor(>lg) of bornological ^g-modules and 
Mod^^'*°^(5), which consists of the bornological 5-modules that are annihilated 
by all W-invariant smooth functions on that are flat in ^. In both cases the 
bornology is derived from the Frechet algebra structure. We endow these categories 
with the exact structure of module extensions with a bounded linear splitting. 

Instead of this bornological machinery, one may also think of Frechet modules 
and exact sequences that admit continuous linear splittings. Indeed, the functor 
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ModiT'rC'?) Modhori^) that equips a Frechet 5-module with its precompact bornol- 
ogy is a fully exact embedding [QpSol Proposition A. 2]. Hence all our constructions 



could be viewed purely within the context of Frechet iS-modules and that would 
yield the same results, restricted to this fully exact subcategory of the category of 
bornological iS-modules. 

Theorem 1. (See Theorem \5.1[ ) 

There is an equivalence of exact categories 

Mod^J^'^'iS) ^ ModboriA^), M ^ D®sM, 
and similarly for the corresponding categories of Frechet modules. 

The restriction of this result to irreducible modules essentially recovers the afore- 
mentioned Knapp-Stein Theorem. The proof of Theorem [T] is analytic in nature, 
some of the ideas are already present in [Wast ILePlj . 

Since the algebra is a twisted crossed product of a formal power series ring 
with it is not hard to compute the Ext-groups between modules in Modj^i/Vc(5) 
using Theorem [TJ But we are more interested in computing their Ext-groups in 
the category of ?^-modules or equivalently [Meyl OpSol] in Modbof,(5). To go 



from there to Mod^^'*°'~(5) boils down to applying the formal completion functor 
at a central character. In Section [2] we show that this completion functor is exact 
and preserves Ext-groups in suitable module categories. The underlying reason is 
that the Taylor series map from smooth functions to power series induces an exact 
functor on finitely generated modules jToMe] . With that, Theorem [1] and an explicit 
Koszul resolution for A^ we can calculate the Ext-groups for irreducible tempered 
■^-representations: 

Theorem 2. (See Theorem \5.S[ ) 

Let (p, V), (p', V) G Irr(C[lH5, k^]) and let n > 0. Then 

Ext?^(7r(e,p),vr(e,p')) = {BomdV ,V) 0^ E^f^ . 

Since 5-modules with different central characters have only trivial extensions. 
Theorem [2] is the essential case for the determination of extensions between finite 
dimensional 5-modules. Our proof also applies in the context of tempered represen- 
tations of reductive p-adic groups: 

Theorem 3. (See Section\2\) 

Let Jj be a connected reductive group defined over a non-archimedean local field F. 
Then the analogues of Theorems [7] and [H holds for tempered irreducible representa- 
tions o/L = L(F). 

These results have obvious consequences for the computation of the Euler-Poincare 
pairings. For any C-linear abelian category C with finite homological dimension 
one may define the Euler-Poincare pairing [ScSt] of two objects of finite length 
TT, tt' £ Obj(C) by the formula 

(1) EPc{7:,7t') = j;(-l)"dimcExt2(7r,7r') 

n>0 

provided that the dimensions of all the Ext-groups between irreducible objects are 
finite. Let Kc{C) denote the Grothendieck group (tensored by C) of finite length 
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objects in C. The Euler-Poincare pairing extends to a sesquilinear form EP on 
KciC). 

A well known instance of this construction is the Euler-Poincare pairing on the 
Grothendieck group Gc{L) of admissible representations of L [BePel IScStj . In this 
case C is the category of smooth representations of L. The resulting pairing EP^ 
is Hermitian ( |ScSt| : See Proposition 17.21 for a more direct argument) and plays a 
fundamental role in the local trace formula and in the study of orbital integrals on 
the regular elliptic set of L \Ait\ IScStj IBezl IReej . The definition of EP also applies 
naturally to the Grothendieck group Gci'H) of finite dimensional representations of 
an abstract affine Hecke algebra 7i with positive parameters. Here one uses that 
the category of finitely generated 'H-modules has finite cohomological dimension by 
|OpSol| . The form EPy^ on GciJ-L) is also Hermitian |OpSol[ Theorem 3. 5. a]. 

Theorem [2] implies the following formula for the Euler-Poincare pairing between 
irreducible tempered representations of an affine Hecke algebra Ti (see Theorem [63]): 

(2) EPn{7T{^,p),7T{^,p')) = Yl \d{r)\trp{r)t^. 

where d{r) = detT^(=^^)(l — r). Similarly Theorem [3] implies the analog of ([2|) in the 
context of tempered representations of a reductive p-adic group L. We formulate 
this as a theorem since it had not yet been established in this generality: 

Theorem 4. (See ^ ) 

Let L be a connected reductive group defined over a non-archimedean local field F. 
Then the analog of ([2]) holds for the Euler-Poincare pairing of tempered irreducible 
representations of L = L(F). 

In the case of Iwahori-spherical representations of split groups this result was 
previously shown by Reeder [Ree] using different arguments. If char(F) = then 
Theorem m can alternatively be derived by combining Arthur's formula [Art', Corol- 
lary 6.3] for the elliptic pairing of tempered characters with Kazhdan's orthogonality 
conjecture for the Euler-Poincare pairing of admissible characters of L, which was 
proved independently in |ScStl Theorem III. 4. 21] and in |Bezl Theorem 0.20]. Inter- 
estingly, this argument can also be reversed showing that Theorem [5] gives rise to a 
new proof of Kazhdan's orthogonality conjecture. We explain this argument more 
precisely now. 

Let us recall the elliptic pairing of admissible characters. Suppose that the ground 
field F of L has characteristic and let C^'' be the set of regular semisimple elliptic 
conjugacy classes of L. By definition C"^'' is empty if the center Z{L) of L is not 
compact. There exists a canonical elliptic measure d'y (the "Weyl measure") on 
C"^'' |Kaz] . Let 6-,^ denote the locally constant function on C"^" determined by the 
distributional character of an admissible representation vr. The elliptic pairing of vr 
and vr' is defined as 

(3) eL{7r,7r'):= [ 6^{c-')e^>{c)djic). 

Kazhdan's orthogonality conjecture for the Euler-Poincare pairing of admissible 
characters of L states that, under the assumptions made above, the elliptic pairing 
eL(7r,7r') of two admissible representations vr and vr' of L is equal to their Euler- 
Poincare pairing: 

(4) eL(7r,7r') =^PL(^,vr'). 



6 



ERIC OPDAM AND MAARTEN SOLLEVELD 



Next we indicate how ([4]) also follows from Theorem |4l The connection is provided 
by results of Arthur on the elliptic pairing of tempered characters. Let P C L he 
a parabolic subgroup with Levi component M, and let o" be a smooth irreducible 
representation of M, square integrable modulo the center of M. The representation 
Ip{a), the smooth normalized parabolically induced representation from o", is a 
tempered admissible unitary representation of L. The decomposition of Ip{cr) is 
governed by the associated analytic R-group Dl^^ , a finite group which acts naturally 
on the real Lie algebra Hom(X*(M),M) of the center of M. For r € we denote 
by d{r) the determinant of the linear transformation 1 — r on Hom(X*(M), M). We 
note that d(r) = whenever Z{L) is not compact. 

Let vr be an irreducible tempered representation of L which occurs in Ip{a), 
which we denote by vr ^ Ip{a). The theory of the analytic R-group asserts that 
p = Hom2,(7r, Xp(a")) is an irreducible projective lHo--representation. It was shown in 
[Art! Corollary 6.3] that for all tempered irreducible representations 7r,7r' -< 2^p(cr) 
one has 

(5) eL{TT,7T') = \m^\-' \d{r)\tvp{r)i^. 

The proof uses the local trace formula for L, which requires that char(F) = 0. 
With our conventions ([5]) is trivial when Z{L) is not compact, Arthur has a more 
sophisticated equality in that situation. If vr and vr' do not arise (up to equivalence) 
as components of the same standard induced representation Xp((T), then their elliptic 
pairing is zero. From ([5]) and TheoremSlit is only a short trip to a proof of Kazhdan's 
orthogonality conjecture: 

Theorem 5. (See Theorem ) 

Let Jj be a connected reductive group defined over a non-archimedean local field ¥ of 
characteristic 0. Then equation ^ holds for all admissible representations vr, tt' of 
L = L(F). 

The elliptic pairing and the set C"^^^ of elliptic conjugacy classes in ([3]) do not 
seem to have obvious counterparts in the setting of affine Hecke algebras. Reeder 
|Ree) introduced the elliptic pairing for the cross product of a finite group with a 
real representation. This construction was extended in |OpSol[ Theorem 3.3] to 
the case of a finite group acting on a lattice. To relate these notions of elliptic 
pairing for Weyl groups to the Euler-Poincare characteristic EP-^ one compares 
EP-}i and EPy\r, which is done in [Reet Section 5.6] (for affine Hecke algebras with 
equal parameters) and in |OpSol[ Chapter 3]. Recent results from |Sol3j allow us to 
conclude that Gc(TL) modulo the radical of EPy^ equals the vector space Ell(?^) of 
"elliptic characters" , and that this space does not depend on the Hecke parameters 
q (Theorem 16. 4p . 

Arthur's explicit formula ([2]) for EP-}{ applies only to the Euler-Poincare pairing 
of tempered characters. In an abstract sense this no restriction, as it follows from 
the Langlands classification of irreducible characters of 7i in terms of standard in- 
duction data in Langlands position, that modulo the radical of the pairing EP-}{ 
any irreducible character is equivalent to a virtual tempered character. But this is 
complicated in practice, and therefore our formula does not qualify as an explicit 
formula for EP-^i for general non-tempered irreducible characters. It would therefore 
be desirable to extend the result to general finite dimensional representations of Ti. 
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In Section S] we make a first step by extending the definition of ttie analytic i?-group 
to non-tempered induction data. We sliow that its irreducible characters are in 
natural bijection with the Langlands quotients associated to the induction datum. 
However, we have not been able to generalize the Arthur formula to this case. It 
seems that one would need an appropriate version of Kazhdan-Lusztig polynomials 
to address the problem in this generality. 



1. AfFINE HeCKE ALGEBRAS 

Here we recall the definitions and notations of our most important objects of 
study. Several things described in this section can be found in more detail elsewhere 
in the literature, see in particular |LusH Opdl OpSol , fSolSj. 



Let a be a finite dimensional real vector space and let a* be its dual. Let Y C a 
be a lattice and X = Hom2(y, Z) C a* the dual lattice. Let 

TZ = {X, Rq, Y, Rq,Fo). 

be a based root datum. Thus Rq is a reduced root system in X, Rq C Y is the 
dual root system, Fq is a basis of Rq and the set of positive roots is denoted Rq . 
Furthermore we are given a bijection Rq — > Rq, a ^ such that {a , a^) = 2 and 
such that the corresponding reflections Sa '■ X X (resp. : Y ^ Y) stabilize Rq 
(resp. Rq)- We do not assume that Rq spans o*. 

The reflections Sa generate the Weyl group Wq = W{Rq) of Rq, and Sq := {sa '■ 
a € Fq} is the collection of simple reflections. We have the affine Weyl group 
W^^ = ZRq XI Wq and the extended (affine) Weyl group W = X yi Wq. Both can 
be regarded as groups of affine transformations of a*. We denote the translation 
corresponding to x & X hy tx- 

As is well known, W^^ is a Coxeter group, and the basis of Rq gives rise to a 
set S^^ of simple (affine) reflections. The length function £ of the Coxeter system 
{W^^ , S^^) extends naturally to W, by counting how many negative roots of the 
affine root system Rq x Z are made positive by an element of W. We write 

X+ ■.= {x£X :{x, a') > Va G Fq], 

X- ■.= {xeX ■ {x, a^) < Va G Fo} = -X+. 

It is easily seen that the center of W is the lattice 

z{w) = x+ r\x-. 

We say that TZ is semisimple if Z{W) = or equivalently if Rq spans o*. Thus a 
root datum is semisimple if and only if the corresponding reductive algebraic group 
is so. 

With TZ we also associate some other root systems. There is the non-reduced root 
system 

Rnr ■■= Ro U {2a : G 2Y}. 

Obviously we put (2a)^ = Let Ri be the reduced root system of long roots 

in Rnr- 

Ri := {a G Rnr ■ 2Y}. 
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Consider a positive parameter function for TZ, that is, a function q : W M>o such 
that 

qiu) = 1 if%)=0, 
^ ' q{wv) = q{w)q{v) ifw,v^W and £{wv) = £{w) + £{v). 

Alternatively it can be given by VFo'ii^variant map q : i?^,,. — > M>0) the relation being 

qa^ = q{sa) = q{taSa) if aeRoHRi, 
(7) g^v = q{taSa) if a G -Ro \ -Ri, 

9aV/2 = q{Sa)q{taSa)~'^ if « G -Rq \ -^1- 

In case Rq is irreducible this means that q is determined by one, two or three 
independent real numbers, where three only occurs for a root datum of type Cn\ 
The affine Hecke algebra V. = 7^(7^, g) is the unique associative complex algebra 
with basis {N^ ■ w G W} and multiplication rules 

... N^K = N^, if £{wv) = £{w) + £{v) , 

[Ns - 1/2) (AT^ + g(s)-i/2) =0 if s G S-^. 

In the literature one also finds this algebra defined in terms of the elements q{s)^^'^Ns, 
in which case the multiplication can be described without square roots. The algebra 
Ti is endowed with a conjugate-linear involution, defined on basis elements by := 

For X G we put 6x := Nt^. The corresponding semigroup morphism X+ — )■ 
T-L{TZ^q)^ extends to a group homomorphism 

A part of the Bernstein presentation [Lusll §3] says that the subalgebra A := 
spanj^a; : x G X} is isomorphic to C[X], and that the center Z(T-L) corresponds 
to C[X]'^'' under this isomorphism. Let T be the complex algebraic torus 

T = Homz(X,C^) ^y®zC^ 

so ^ ^ 0{T) and Z{n) = A^" ^ 0{T/Wo). This torus admits a polar decomposi- 
tion 

T = TrsX Tun = Homz(X,M>o) x Homz(X, S^) 
into a real split (or positive) part and a unitary part. 

Let Mod/('H) be the category of finite dimensional "H-modules, and Modf^w^ti'H-) 
the full subcategory of modules that admit the Z(7^)-character WqI G T/Wq. We let 
G{n) be the Grothendieck group of Mod/(?^) and we write Gc{T-i) = C ®i G{n). 
Furthermore we denote by Irr(?^), respectively lTiWot{T~l-) ■, the set of equivalence 
classes of irreducible objects in Mod/('H), respectively Mod/^vFoi(^)- We will use 
these notations also for other algebras and groups. 

1.1. Parabolic induction. For a set of simple roots P <Z Fq we introduce the 
notations 



(9) 



Rp = 


QP n Ro 


Rp 




Xp = 


: x/{xn{P^)^) 


XP 


= x/{xr\QP), 


Yp = 






= y np^. 


ap = 








Tp = 


Homz(Xp,CX) 


rpP 


= Homz(X^,CX), 


Tip = 


: {Xp,Rp,Yp,R^p,P) 


nP 


= (x,i?p,y,i?^,p) 
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Notice that Tp and are algebraic subtori of T. Although T^s = Tp^rs x T^s^ the 
product Tun = Tp^unTun is not direct, because the intersection 

Tp^un n rj^ = Tp n 

can have more than one element (but only finitely many). 

We define parameter functions qp and q^ on the root data TZp and TZ^, as follows. 
Restrict q to a function on (Rp)^^ and use ([7]) to extend it to W{Tlp) and W{TZ^). 
Now we can define the parabolic subalgebras 

np = n{np,qp), n'' = n{n'',q''). 

Despite our terminology and %p are not subalgebras of Ti, but they are close. 
Namely, 'H{'JZ^ ,q^) is isomorphic to the subalgebra of %{TZ,q) generated by A and 
TiiyV (Rp) , qp) . We denote the image of x G X in Xp by xp and we let Ap C Tip 
be the commutative subalgebra spanned by {9xp '■ xp & Xp}. There is natural 
surjective quotient map 

(10) nP ^Up: e^Nu, ^ e^pNu,. 

For all X € X and a G P we have 

X — Sa{x) = [x , a^)a G 'LP, 

so t{sa{x)) = t{x) for ah t G T^ . Hence t{w{x)) = t{x) for aU w G W{Rp), and we 
can define an algebra automorphism 

(11) 4>t:HP^H^, MdxNu,) = t{x)e,Nu, t G T^ . 

In particular, for t G Tp n T^ this descends to an algebra automorphism 

(12) tPt-.-Hp^-Hp, ex,pNu,^t{xp)9xpNu, teTpHT^. 

Suppose that g G Wq satisfies g{P) = Q ^ Fq- Then there are algebra isomorphisms 

(.n\ Ipg-.Tip^TiQ, O^pNui ^ ^g{xp)Ngwg-i, 

^ ' i^g-.nP^n^, e^Nu, ^ Og^Xg^g-i. 

We can regard any representation {cr,Va) of T-L{7lp, qp) as a representation of 
'H{1Z^ ,q^) via the quotient map (fTO]l . Thus we can construct the ^{-representation 

7r(P,cr,t) := Ind^|^^|^p-,(cr o ,/>i). 

Representations of this form are said to be parabolically induced. 

We intend to partition Irr('H) into finite packets, each of which is obtained by in- 
ducing a discrete series representation of a parabolic subalgebra of %. The discrete 
series and tempered representations are defined via the ^-weights of a representa- 
tion, as we recall now. Given P C Fq, we have the following positive cones in o and 
in Trs- 

a+ = {^i G : (a , /i) > Va G Fq}, T+ = exp(a+), 

(a, ^) > OVa G P}, r+ = exp(a^), 

(a , ^) > Va G Fo \ P}, = exp(a^+), 

(a , /i) > Va G Fo \ P], TP++ = exp(a^++). 



(14) V = Y''^ 
a^++ = {/iGa^ 



The antidual of a*+ := {x G a* : (x , a^) > Vq G Fq} is 
(15) a" = {A G a : (x. A) < OVx G a*+} = { ^^^^ Ka^ ■ K < O}. 
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Similarly we define 

(16) Op = {V ^A„a^ G ap : A« <0}. 

The interior a of o~ equals {^a^p^^aO^ : Aq, < O} if Fq spans o*, and is empty 
otherwise. We write T~ = exp(a~) and T = exp(a ). 

Let t = \t\-t\t\-^ G Trs xTy^n be the polar decomposition oft. An ^^-representation 
is called tempered if \t\ G T~ for all its ^-weights t, and anti-tempered if G 
for all such t. More restrictively we say that an irreducible ^^-representation belongs 
to the discrete series (or simply: is discrete series) if [t| G T , for all its ^-weights 
t. In particular the discrete series is empty if Fq does not span a*. 

Our induction data are triples {P,6,t), where 

• PcFo; 

• {6, V^) is a discrete series representation of Hp; 

Let H be the space of such induction data, where we consider 5 only modulo equiv- 
alence of ?^p-representations. We say that ^ = (P, 5, t) is unitary if t G TJ^, and we 
denote the space of unitary induction data by r.un- Similarly we say that ^ is positive 
if |t| G T^+, which we write as ^ G H"*". We have three collections of induction data: 

(17) ^un C H+ C H. 

By default we endow these spaces with the topology for which P and 5 are discrete 
variables and carries its natural analytic topology. With ^ G H we associate the 
parabolically induced representation 

7r(e) = ^(P,<5,t) ■.= lnd^p{5ocpt). 

As vector space underlying 7r(^) we will always take C[Ty^] (8) V^, where is the 
collection of shortest length representatives of Wq/W {Rp). This space does not 
depend on t, which will allow us to speak of maps that are continuous, smooth, 
polynomial or even rational in the parameter t G . It is known that 7r(^) is 
unitary and tempered if ^ G S^^, and non-tempered if ^ G H \ S^^, see |Opdl[ 
Propositions 4.19 and 4.20] and |Sol3|. Lemma 3.1.1]. 

The relations between such representations are governed by intertwining opera- 
tors. Their construction |Opdl| is rather complicated, so we recall only their impor- 
tant properties. Suppose that P,Q C Fq, k £ Tp H T^, w G Wq and w{P) = Q. Let 
6 and a be discrete series representations of respectively Tip and Hq, such that a 
is equivalent with 6 o ip'^ o ip'^. 



Theorem 1.1. |Opdl Theorem 4.33 and Corollary 4.34] 



(a) There exists a family of intertwining operators 

TT{wk, P, 6, t) : 7r(P, 6, t) it{Q, a, w{kt)). 

As a map C[WP] ®c Vs C[W^] (g)c K it is a rational intG and constant 
on T^^-cosets. 

(b) This map is regular and invertible on an open neighborhood of T^^ in T^ (with 
respect to the analytic topology). 

(c) 7r(wk, P, 6,t) is unitary if t £ T^. 
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We can gather all these intertwining operators in a groupoid W, which we define 
now. The base space of W is the power set of Fq and the collection of arrows from 
P to Q is 

WPQ := {w£Wo: w{P) = Q} x Tp n T^. 
Whenever it is defined, the multiplication in W is 

(wi, ki) ■ {W2, k2) = {wiW2,W2^{ki)k2). 

Families of intertwining operators 7r{wk, P, 6, t) satisfying the properties listed in 
Theorem 11.11 are unique only up to normalization by rational functions of i G 
which are regular in an open neighborhood of TJ^, have absolute value equal to 
1 on and are constant on T^"-cosets. The intertwining operators defined in 
|Qpdl| are normalized in such a way that composition of the intertwining operators 
corresponds to multiplication of the corresponding elements of W only up to a scalar. 

More precisely, let 5 € W be such that gw is defined. Then there exists a number 
A € C with |A| = 1, independent of t, such that 

(18) TT{g, Q, a, w{kt)) o Tr{wk, P, 6,t) = X 7r{gwk, P, 6, t) 

as rational functions of t. We fix such a normalization of the intertwining operators 
once and for all. 

Let W{Rp)rs € Tp/W{Rp) be the central character of the ?^p-representation 6. 
Then \rs\ G Tp^rs = exp(ap), so we can define 

(19) ccp{6) := W{Rp) log \rs\ G ap/W{Rp). 

Since the inner product on a is Wo-invariant, the number ||ccp((t)|| is well-defined. 
Theorem 1.2. [Sol3l Theorem 3.3.2] 

Let p be an irreducible H-representation. There exists a unique association class 
W{P,6,t) G H/yy such that the following equivalent properties hold: 

(a) p is isomorphic to an irreducible quotient of 7r(^"'"), for some = £.^{p) € 
E+nW{P,6,t); 

(b) p is a constituent of 'ir{P,6,t), and \\ccp{6)\\ is maximal for this property. 
For any ^ G H the packet 

(20) Irr>v5(^) := {p e Mn) : C+{p) G W^} 

is finite, but it is not so easy to predict how many equivalence classes of representa- 
tions it contains. This is one of the purposes of R-groups. 

1.2. The Schwartz algebra. We recall how to complete an affine Hecke algebra to 
a topological algebra called the Schwartz algebra. As a vector space S will consist 
of rapidly decreasing functions on W, with respect to some length function. For this 
purpose it is unsatisfactory that ^ is on the subgroup Z{W), as this can be a large 
part of W. To overcome this inconvenience, let L : X M — )■ [0, 00) be a function 
such that 

• L{X) C Z, 

• L{x + y) = L{x) Vx e X 0R,y eRRo, 

• L induces a norm on X (g) R/RRq ^ Z{W) ® M. 
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Now we define 

M{w) := £{w) + L{w{0)) weW. 
Since Z{W) ZRq is of finite index in X, the set {w £ W : M{w) = 0} is finite. 
Moreover, because W is the semidirect product of a finite group and an abelian 
group, it is of polynomial growth and different choices of L lead to equivalent length 
functions Af. For n G N we define the norm 

(21) PniErneW^wN^) := sup Kmiw) + 1)". 

The completion S = S{Tl, q) of T-L{TZ, q) with respect to the family of norms {pnjngN 
is a nuclear Frechet space. It consists of all possible infinite sums h = XluieVK ^w^w 
such that Pri{h) < oo Vn € N. By |Opdl Section 6.2] or |OpSo2 Appendix A] 
5(7^, q) is a unital locally convex *-algebra. 

A crucial role in the harmonic analysis on affine Hecke algebra is played by a 
particular Fourier transform, which is based on the induction data space H. Let 
Vh be the vector bundle over H, whose fiber at {P,5,t) G H is the representation 
space C[Vl^-'^] of 7r{P,6,t). Let End(VH) be the algebra bundle with fibers 
Endc{C[W^] (g)Vs). Of course these vector bundles are trivial on every connected 
component of H, but globally not even the dimensions need be constant. Since H 
has the structure of a complex algebraic variety, we can construct the algebra of 
polynomial sections of End(VH): 

0(H;End(V=)) := O(r^) Endc(C[VF^] F^). 

P,5 

For a submanifold H' C H we define the algebra C°° (H'; End(VH)) in similar fashion. 
The intertwining operators from Theorem 11.11 give rise to an action of the groupoid 
W on the algebra of rational sections of End(VH), by 

(22) {w ■ m) = w'^Ofiw-'OHw, w-^0'\ 

whenever w~^^ S H is defined. This formula also defines groupoid actions of W 
on C°°(H'; End(VH)), provided that H' is a W-stable submanifold of H on which all 
the intertwining operators are regular. Given a suitable collection S of sections of 
(S', End(VH)), we write 

= {/ e S : (w • /)(0 = /(O for all li; G W, ^ G E' such that w'^^ is defined}. 

The Fourier transform for Ti is the algebra homomorphism 

Tihm = <oih). 

The very definition of intertwining operators shows that the image of J- is contained 
in the algebra 0(H; End(VH))^- By [DeOpl Theorem 5.3] the Fourier transform 
extends to an isomorphism of Frechet *-algebras 

(23) ^:5(7^,(/) ^C°°(H,„;End(V=))^. 

Let (Pi, 5i), . . . , (Pat, Jat) be representatives for the action of W on pairs {P,S). 
Then the right hand side of (j23p can be rewritten as 

(24) 0,ti (^°'(^-) ^ End(C[W^»] Vs,))"^^-'' , 

where Wp^s = {w £W : w{P) = P,5 o ifj^^ = 5} is the isotropy group of (P, 5). 
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It was shown in [DeOpl Corollary 5.5] that ()23p implies that 

(25) the center ^ of 5 is isomorphic to (Eun)^ , 

so the space of central characters of S is H„„/>V. We let Mod f{S) be the category of 
finite dimensional 5- modules and Mod/^>v^(5) the full subcategory of modules which 
admit the central character W^. The collection Irrw)g(5) of (equivalence classes of) 
irreducible objects in Mod/^>v^(5) equals lrry\;^{7i), in the notation of (f20l) . 



2. Formal completion of the Schwartz algebra 

We study how the Ext-groups of Frechet 5-modules behave under formal comple- 
tion with respect to a maximal ideal of the center. For compatibility with [QpSol| 
we will work in the category Modhori<S) of complete bornological modules over the 
nuclear Frechet algebra <S, equipped with its precompact homology. This is an 
exact category with respect to the class of 5-module extensions that are split as 
bornological vector spaces. 

Two remarks for readers who are not familiar with homologies. As discussed in 
the introduction, one may think of Frechet 5-modules and exact sequences which 
admit a continuous linear splitting, that is just as good in the setting of this paper. 
Moreover, if one is only interested in finite dimensional modules, then the subtleties 
with topological modules are superfluous and all the results can also be obtained 
in an algebraic way. However, the equivalence of the algebraic and the bornological 
approach in a finite dimensional setting is not automatic, it follows from the existence 
of certain nice projective resolutions |QpSol| . 

Although the entire section is formulated in terms of the Schwartz algebra S, 
the essence is the study of algebras of smooth functions on manifolds. The results 
and proofs are equally valid, and of some independent interest, if one replaces S 
by C°°(M), where M is a smooth manifold such that C°°{M) = 5(Z) as Frechet 
spaces. According to [MeVol Satz 31.16] this is the case when M has no boundary 
or is the closure of an open bounded subset of M" with boundary. The formal 
completion of C°°{M) with respect to a maximal ideal is a power series ring, which 
provides a good geometric interpretation for the material in this section. 

In (I25|) Z = C°°{Eun)'^ is equipped with the Frechet topology from C°°(H„„). 
We fix ^ = (P, 6, t) G Eun- Let denote the closed ideal of Z of functions that 

are flat at W^, that is, their Taylor series around any point of is zero. We define 
a Frechet module Zy\)^ over Z by the exact sequence 

(26) ^ m^^ ^ Z^ Zn>( 0. 

It follows easily from Borel's lemma that the Taylor series map defines a con- 
tinuous surjection : Z ^ tJ^^ where J-J^^ denotes the unital Frechet algebra of 
W^-invariant formal power series at ^. According to [Toul Remarque IV. 3. 9] is 
not linearly split. The kernel of is isomorphic to m^^, hence we may identify Zy^;^ 

and J-^^ . Notice that this algebra is Noetherian, like any power series ring with 
finitely many variables and coefficients in a field. By Whitney's spectral theorem 
[Tb^ V.1.6] 



(27) ("iwf )^ = 
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For similar reasons Xy^^ := m^^S is a closed two-sided ideal in S. Hence by applying 
the completed projective tensor product functor ?®zS to (|26l) we obtain 

(28) ^ Xw? -^S ZwSz'S 0- 

We define the completion of S at to be the Frechet Zw^-algebra 

(29) Swa ■■= Zy^i^zS. 

By ([23]) and (f25]) 5 is a finitely generated Z-module, so Sy^^ is left and right Noe- 
therian. In particular the category Modjg(iSw^) of finitely generated Syv^-modules 
is closed under extensions. Any M G Modjg(iSw^) admits a finite presentation 

(30) S^^ ^ S^^ ^M^O. 

It follows that 5>vg is a Frechet space of finite type, i.e. that its topology is defined 
by an increasing sequence of seminorms all of whose cokernels have finite codimen- 
sion. By |Kopp| all continuous linear maps between such Frechet spaces have closed 
images. In particular, the relations module im(iS^^ ^w^) ™ dSHl) is closed, show- 
ing that M is a Frechet module (i.e. the canonical topology on M in the sense of 
[Tou] is separated, hence defines a Frechet module structure on M). It also follows 
easily that morphisms between finitely generated 5w;g-modules are automatically 
continuous with respect to the canonical topology. Summarizing: 

Lemma 2.1. Mod/c,(<Sw^) is a Serre subcategory of ModpreiSyv^) , the category of 
Frechet Sy^^-modules. 

Let q : S —?' Sy\;^ be the quotient map and 

q* : ModboriSw^) ModboriS) 

the associated pullback functor. In the opposite direction the completed bornological 
tensor product provides a functor 

5>vg§5 : ModboriS) ModboriSyv^)- 

We remark that for Frechet modules this tensor product agrees with the completed 
projective one. 

Lemma 2.2. Let V G Modbor{S) and abbreviate V-y\;^ := 5^^(8)5^. 

(a) Vw^ ^ Zy,^®zV = 

(b) For all M G ModboriSyvs.) there is a natural isomorphism iSwj®5g*M = M. 

(c) q* is fully faithful and exact. 

(d) q* is right adjoint to Sy^^^s. 

(e) Mod^^'^"'' (S) := {M G ModboriS) \ m^^M = Q} is a Serre subcategory of 

ModboriS). 

if) q* defines equivalences of exact categories ModboriSw^) Mod^^'*°''(5) and 

ModFreiSw^ ^Mod'^^f'^'iS). 

Proof, (a) By the associativity of bornological tensor products 
Vm = Sw^^sV = Z^^^zS^sV = Zy^^®zV 
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(b) follows immediately from (a) 

(c) is obvious. 

(d) Since the kernel of any 5-module homomorphism V q*M contains m^^V, 

Roms{V,q*M) ^ Roms{V/m^^V,q*M). 
By (a), (b) and (c) the right hand side is isomorphic to 

Hom5(g*VWc,g*M) = iiomg^^{Vw^,M). 

(e) The only nontrivial part concerns extensions. Let 

^ A ^2 A ^ 

be a short exact sequence in Modhor{<S) and assume that m^^Vi = m^^Vs = 0. For 
m G rn^^V2 and V2 € V2 we have p{mv2) = mp{v2) G "i^^Vs = 0, so m'^^V2 C 
i{Vi). Moreover by 

m^^y2 = J!^^^V2 C m^^i{m^^Vi) = m-^i(O) = 0, 
so V2 € Tor^^(5). 

(f) In view of (c) we only have to show that q* : Modbori^w^) — > Mod^^'*°''(5) 
is essentially bijective. Clearly any V € Mod^^'*°^(<S) can be considered as a 
S'w^-module V', and as such V = q*V' . Conversely, if F = q*M for some M G 
Mod^f °'^(5n;«), then 

by part (b). □ 

The spaces Ext^(-7r, vr') carry a natural ^-module structure. Let the tempered 
central characters of tt and vr' be and W^' respectively. Standard arguments 
show that Ext5(7r,7r') has central character if WS, = WS,' , and Ext5(7r,7r') = 
otherwise. To compute these Ext-groups we shall at some point want to pass to the 
formal completion of 5 at W^. For that purpose we would like the functor 
to be exact, but unfortunately the authors do not know whether it is so on the 
categories of Prechet 5-modules or bornological 5-modules. Moreover this functor 
does not always respect linear splittings of short exact sequences. 

Therefore we restrict to smaller module categories. Let 5(Z) be the nuclear 
Frechet space of rapidly decreasing functions Z ^ C and let O (resp. DNQ) be 
the category of Frechet spaces that are isomorphic to a quotient (resp. a direct 
summand) of 5(Z). Our notation is motivated by certain properties (il.) and (DN) 
of Prechet spaces, which characterize the quotients and the subspaces of iS(Z) among 
all nuclear Frechet spaces |Vogt . 

These categories are exact but not abelian, because some morphisms do not have 
a kernel or a cokernel. They are suitable to overcome to problems that can arise 
from closed subspaces which are not complemented: 

Theorem 2.3. (a) The category il. is closed under extensions of Frechet spaces. 

(b) Let Vi V2 V3 be a short exact sequence of Frechet spaces. It splits 
whenever V\ is a quotient o/5(Z) and V3 is a subspace of S{'L). 

(c) Every object of DNQ is projective in 0. 
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Proof, (a) is jVoWal Lemma 1.7]. 
(b) is |Vogt[ Theorem 5.1] 



(c) follows easily from (b), as in [Vogt Theorem 1.8]. □ 



The very definition 1211 shows that S = S{'L) as Prechet spaces, and hence 5>v^ E il. 
However, Sy^^ is not isomorphic to a subspace of because it is a finite extension 
of a Frechet algebra of formal power series. 

Let ModQ(5) be the full subcategory of yiodpre{S) consisting of modules whose 
underlying spaces belong to VL. We define Modn(2), ModQ(5>vg) and yiodoNniS) 
similarly. In these categories the morphisms are all continuous module homomor- 
phisms. Apart from Modi:)Arn(5) they do not have enough projective objects, so de- 
rived functors are not defined for all modules. Nevertheless the Yoneda Ext-groups, 
constructed as equivalence classes of higher extensions, are always available. 

Lemma 2.4. The categories yiodoNniS), yiod^{S) and Modn(5v\;^) have the fol- 
lowing properties: 

(a) They are closed under extensions of Frechet modules. 

(b) Every short exact sequence in Mod£)Arf7('5) admits a continuous linear splitting. 

(c) They are exact categories in the sense of Quillen if we declare all short exact 
sequences to he admissible. 

(d) For F € DNQ the S-module S®F is projective in ModDTvnC^), in Modf2(5) 
and in M.odbor{S) , while Sy\!^®F is projective in Modn(5>vg). 

(e) yiodj:,jsin{S) and Mod/g(5w;g) have enough projectives. 

(/) The following embedding s preserve Yoneda Ext-groups: Mod£)Arf7('5) — )• ModboriS), 
ModoNniS) Modn(5), ModfgiSwO ^ ModQ(5w5) Modfg{SwO ^ 
Mod(5w^). 



Proof, (a) follows from Theorem! 

(b) follows from Theorem 12. 31 b. 

(c) The definition of an exact category stems from |Qui[ Section 2] , while it is worked 
out in |Kel[ Appendix A] which axioms are really necessary. All of these are trivially 
satisfied, except for the pullback and pushout properties. Since the verification of 
these properties is the same in all four categories, we only write it down in Modn('S). 

Suppose that — )• Vi A- V2 A V3 — )• is admissible exact in ModQ(5) and that 
/ : Vi — )■ M is any morphism in Modn {S) . We have to show that there is a pushout 
diagram 

Vi ^ V2 ^ V3 

if i 

M ^ P ^ P/g{M) 

in Mode (5), with an admissible exact second row. Since i is injective the image 
of (i, -/) : Vi ^ V2® M \s closed. Hence P := V2 ® M/im(i, -/) is a Frechet 
5-module. The canonical map g : M ^ P is injective and 

g{M) +im(2,-/) 

which belongs to Modn(5). By part (a) P G Modn(<S), so ^ M 4 P ^ 
P / g{M) ^ Q IS admissible. 
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Concerning pullbacks, let /i : — > V3 be any morphism in Modn(5). We have to 
show that there is a pullback diagram 

ker(Q^7V) ^ Q ^ N 

4 ^2 A ^3 

in Modf7(5), with an admissible exact first row. Let Q be the Prechet 5-module 

{{v, n) eV2eN \ p{v) = h{n)} = kei{p - h : V2 B N V3). Then 

ker(Q ^ A^) ^ kerp ^ Vi (£ Modi5jvn(5), 
so Q € Modn(5) by part (a). 

(d) For every M € Modn(5w;^) there is an isomorphism 

HomMod„(5we)(^>v«^^'^^) - Hom^,,(F,M). 

By Theorem I2.3l c the right hand side is exact as a functor of M G 17, so Sy^^iS)V 
is projective in Modn{Sy\;^). The same proof applies to S^F as an object of 
ModDNn{S) and of Modn(5). In Modhori'S) exact sequences are required to have 
linear splittings, which implies that topologically free modules are projective. 

(e) For any (vr, V) G ModDNn{<S) we have the canonical 5-module surjection 

S®V -^V:s(^v\-^ tt{s)v, 

which is linearly split by u 1— > 1 (8) Its kernel is (as Frechet space) a direct 
summand of 501/, which in turn is a direct summand of 505(Z). Thus A'" G 
ModDAfril^) ^11*^ ^6 can build a projective resolution 

O^V ^ S^V ^ S^N < 

Let M be a finitely generated Frechet 5yvg-module, say it is a quotient of Sy^^. 

Since Sy^;^ is Noetherian, every submodule of a finitely generated 5y\;^-module is 
again finitely generated. This applies in particular to the kernel of the quotient map 
'^ws, ~^ so we can construct a projective resolution with free 5>v5-modules of 
finite rank. 

(f) By part (d) and Lemma [2 .11 the projective resolutions from part (e) remain pro- 
jective in Modbor{S) and in Modn(5), respectively in Modfi(Sy^^) and in Mod(5w^). 
Furthermore part (b) guarantees that such a resolution of 5-modules admits a con- 
tinuous linear splitting, so it is admissible as a resolution of bornological modules. 
It is well-known that the Yoneda Ext-groups in an exact category agree with the 
derived functors of Hom when both are defined, see for example |Mac[ Theorem 
6.4]. □ 

2.1. Exactness of formal completion. 

Theorem 2.5. The functor Sy^^^s : Modn(5) — > ModQ(5'>v^) is exact. 

Proof. We have to show that the image of any short exact sequence under this 
functor is again a short exact sequence. Since 5>v^(8'5F = Zwt^^zV for all V G 

Modn(5), Sw^^s is exact if and only if Torf F) = for all V G 

Modn(5). Because S is finitely generated as a ^-module and V G 0,, there exists a 
short exact sequence of Frechet -Z-modules 

(31) 0^ R-^ Z^SiZ) -^V ^0. 
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The analogue of Lemma l2.4[ d for Z shows that Z(S>S{'Z) is projective in ModQ(^). 
By the definition of the torsion functor and by Lemma l2.2[ a 

Torf°'^"(^)(fvv5, V) = ker {Z^^^zR ^ Z^^^SiZ)) ^ 

R Z^SiZ) \ ^ (m^^g5(Z)) n R 



Thus we have to show that 



(32) {m^^(S)S{Z))nR C m^^R, 

which we will do with a variation on [ToMel Chapitre 1] . Via the Fourier transform 
5(Z) is isomorphic to C^{S^), so 

Under this isomorphism m^^(8'5(Z) corresponds to the closed ideal m'^^^^i C 

C^iEun X S^)^ of functfons that are flat on x S^. 

Let (p G (m^^§5(Z)) n R. Tougeron and Merrien [ToMej p. 183-185] construct 
a function tp G "^vvgxsi which is strictly positive outside x 5^ and divides (p 
in C°°(Hu„ X 5^)^. We take a closer look at this construction. The first thing 
to note is that [ToMej works with smooth functions on manifolds, not on orbifolds 
like Hu„/W X S^. But this is only a trifle, for we can construct a suitable ip € 
^un X S^) and average it over W. Secondly we observe that, because is 
compact, we can take all steps from |ToMe] with S'^-invariant functions on H„„ x S^. 
Thus we obtain a series of W x -invariant functions which converges to a ip 
as above. (Compared to [ToMej we include a suitable power of 1/2 in ej.) Moreover 
the support of ej is disjoint from x 5^, so 

ei/i^ G m^^ C C'^iEun)^ C C°°(H„„ x S^). 

Since ii is a Z-submodule of C°°(H„„ x S^)^ , (pei/^p G m'^^R for all i. Hence 

(P = iP(P/^ = (Pa/^ £ m'^^R, 

which proves (l32]) . □ 

Corollary 2.6. Let M, N G Modn{Sw^) and let n G Z>o. 
(a) There is an isomorphism of Zy^^-modules 

{b) Let V G yiodoNn{S) he such that Vy^^ is finitely generated over 5yvg. There 
are isomorphisms of Zy^ ^-modules 

^^^MoA,^My^^*M) - Extj:,„,^^^(5)(y,g*M) - Ext|^^(fW5,M). 

(c) /n case y /las finite dimension the groups from (b) are also isomorphic to 
Ext^(y, g*M) and Ext^(y, that is, to the Ext-groups defined in the cate- 

gory of all (algebraic) %- or S-modules. 
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Proof. The Z>vg-module structure is defined via 

Zw^ Endniq*M) = Endsiq*M) = End^^^(M) 

and right multiphcation of Ext^(?,M) with Ext^(M, M). The asserted isomor- 
phisms preserve this additional structure because in the below proof M is kept 
constant. 

(a) Consider the endofunctor E of Modn('S) defined by E(y) = q* {Sw^®sV). By 
Lemma 12.21 b it is idempotent and by Theorem 12.51 it is exact. Given any higher 
extension 

K := {Vo = q*M^Vi^---^Vn^ K+i = q*N), 

-E(V*) is again an n-fold extension of q*N by q*M and it comes with a homomor- 
phism K — >■ E{V^). Hence K and E{V^) determine the same equivalence class in 
Ext'^^^^l^g-j{q* N, q* M) and q* : ModQ{Syv(^) — > Modf2(5) induces the required iso- 
morphism. 

(b) The first isomorphism is a special case of |OpSol[ Corollary 3.7.a]. 

Let be a projective resolution of V in ModDNniS). We may assume that 
Pn = S(^SiFn for some F„ G DNil. By Theorem 12.51 Sw^(^sP* = Sy\>^(^SiF^ is a 
projective resolution of V\^^ in Modn(<S'w;g). By Lemma [2^21 d and Lemma [2^ d 

Ext?:,,d,„.(5)(y,g*M) - H^{RomsiS§>F,,q*M)) 

^Ext;:^od.(5^,)(^>v„M). 

Now let be a projective resolution of Vyy^ in Modfg{Sy\;^). The proof of Lemma 
[231 f shows that 

(c) For finite dimensional V it is explained in the proof of |OpSol[ Corollary 3.7.b] 
that it does not matter whether one works with algebraic or with bornological mod- 
ules to define Ext-groups over H ov S. □ 



3. Algebras with finite group actions 

This section is of a rather general nature and does not depend on the rest of the 
paper. We start with a folklore result, which we will use several times. Let {tt,V) 
be a finite dimensional complex representation of a finite group G. Then Endc(y) 
becomes a G-representation by defining 

g ■(!)■.= TT{g) o o 7r(5)-i (j} G EndcC^^), 5 ^ G. 

Lemma 3.1. Let C[G] be the right regular G -representation, that is, p{g)h = hg^^ . 
Let B he any complex G-algebra and endow B (8) Endc(C[G]) with the diagonal G- 
action. Then 

(B®Endc(C[G]))^ ^ B X G. 
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Proof. Denote the action of g G on B hy ag. For a decomposable tensor f <^ g G 
5 X G we define L{f ® g) e B ® Endc(C[G]) by 

L{f ®g){h) =ah-ig~i{f )®gh heG. 

It is easily verified that L{f ® g) is G-invariant and that L extends to an algebra 
homomorphism 

L:B>4G^{B(^ Endc(C[G]))^. 
A straightforward calculation shows that L is invertible with inverse 

where b{g~') = E^gc K9'')h ® h e B (S) C[G]. □ 

Let M be a smooth manifold, let Tm{M) be the tangent space of M at m and 
T^(M) the cotangent space. We suppose that the finite group G acts on M by 
difFeomorphisms. We denote the isotropy group of m € M by Gm- For any finite 
dimensional Gm-representation a we define the C°°{M) xi G-representation 

where am is o" regarded as a C°°{M) x Gm-representation with G°°(M)-character m. 

We let F be a finite dimensional G-representation and we endow the algebra 
C°°{M) (g) Endc(V^) with the diagonal G-action. Algebras of the form 

(33) (G°°(M) ®Endc(F))^ 

were studied among others in |Soll| and |Sol21 Section 2.5]. Let Fm be the Frechet 
algebra of formal power series at m € M, with complex coefficients. Then J-Gm '■= 
m'eGm rn' is naturally a G-algebra, so we can again construct 

{TGm®Endc{V)f. 

In the proof of Theorem 15.21 we will use some results for such algebras, which we 
prove here. 

Theorem 3.2. Let V' be another finite dimensional G-representation and assume 
that, for every irreducible G-representation W, IIomG'(VF, V) = if and only if 
RomciW, V) = 0. 

(a) The algebras (G°°(M) (g) Endc(F))^ and (G°°(M) Endc(^'))^ are Morita- 
equivalent, both in the algebraic and in the bornological sense. 

(6) Let a be a finite dimensional representation ofGm- Under the isomorphism from 
Lemma [3J\ the C°^{M) x G-representation IndmC corresponds to a (G°°(M) (g 

F,ndc{C[G])^^ -representation 7r(m, a) with C°° {M)^ -character Gm, such that 

Hom. s G (Cm (g C[G1, 7r(m, cr)) = a 

(c°°(Af)«Endc(C[G])) ^ L ji V ) 

= Homc^(A^)>,G'(lndmC[Gm],IndmC7). 

These are isomorphisms of Gm-fepresentations with respect to the right regular 

action of Gm on C[G] and C[Gm\- 
(c) Parts (a) and (b) remain valid if we replace G°°{M) by Fcm- 
{d) The analogous statements hold if M is a nonsingular complex affine G-variety, 

and we replace C°^{M) by the ring 0{M) of regular functions on M everywhere. 
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Remark. The condition on V and V is called quasi-equivalence in |LePl| . where it 
is related to stable equivalence of certain C*-algebras. 

Proof, (a) Consider the bimodules 

D, = C°°{M) 0Romc{V,V'), 
^ ^ D2 = C7°°(M) ®Homc(y',y). 

It is clear that 

(35) Di $$c-(Af)«Endc(y) D2 = C°°{M) ® Endc(V^'), 

and similarly in the reversed order. We will show that (j35p remains valid if we take 
G-invariants everywhere. In other words, we claim that the bimodules Df and D2 
implement the desired Morita equivalence. First we check that is projective 
as a right (C°°(M) (g) Endc(^)) ^-module. Choose a G-representation V3 such that 
V' eVs^V (g)^^ for some d e N and write Ds = C°°(M) BomciV, V3). Then 

Df®Df^ {^^{M) (g) Homc(y, V &))^ ^ (C7°°(M) CS> Endc(l^))^ «) C^, 

so Df is a finitely generated projective (C°°(M) (gi Endc(V^)) ^-module, in both the 
algebraic and the bornological sense. Similarly D2 is a finitely generated projective 

(C°°(M) (g) Endc(l^'))'^"™odule, so all the below algebraic tensor products are also 
bornological tensor products. 

Multiplication yields a natural map 

(36) Df(8). .a ^ (C^iM) (S)Endc{V')f. 
^ ' ^ (c°°(Af)(g)Endc(y)) ^ \ \ I ^\ ij 

Take any m G M and let Icm C C°^(M)'^ be the maximal ideal {/ € C°°{M)^ \ 
f{m) = 0}. Dividing out ([36]) by Icm, we obtain 

(37) HomG^(y, V) (E>Enda,AV') ^oma^iV, V) ^ EndG^(l^). 
Decompose the Gm-representations V and V as 

pGlrr(Gm) pGlrr(G„) 

The assumption of the theorem implies that nip = if and only if m'p = 0. As 
EndG„(y')= EndG„(p)^Endc(C™p), 

pelrr(Gm) 

the left hand side of (j37p is isomorphic to 



EndG„ (p) Home (C'"" , C"^p ) ^End^.^ (V ') Endc,,, (p) ® Home (C'^p , C^" ) 

peIrr(G™) pGlrr(Gm) 

^ EndG^(p)®Endc(C'"0 = EndG,„(V). 

pGlrr(G) 

Hence (j37p is a bijection for all m € M, which implies that (j36p is injective. The 
image of ([36]) is a two-sided ideal of (C°°(M) (g) Endc(l^')) > which is dense in the 
sense that for every m € M the algebra and its ideal have the same set of values at 
m. Consequently ([36]) is bijective, and an isomorphism of (G°°(M) (g) Endc(^'))'^" 
bimodules. 
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(b) Let Jcm and be the ideals of C°°(M) x G and (C°°(M) ® Endc(C[G]))^ 
generated by iGm- As the isomorphism from Lemma |3 . 1 1 preserves the central char- 
acters, the representations under consideration factor through the quotients 

(38) {C°°(M)>^G)/JGm = C[Gm]xG ^ Endc(C[Gm]) O C[G^], 
(C-(M)®Endc(C[G])))^/J^^-( Endc(C[G]))^-Enda^(C[G]). 

The two rightmost algebras are isomorphic via a bijection G Gm x Gm which is 
equivariant with respect to the right Gm-action. The representations corresponding 
to (EHl) are 



Indm<7 C[Gm] (g) a C[Gm] ® a, 

T^{m,a) C[G\®c[Gm]'^ (8)c[G„] 0-. 

In the special case where a is the (right) regular representation of Gm, we see that 
7r(n,C[G„]) ^Cm®C[G]. Therefore 

Homcoo(jvf)>^G(lndmC[Gm],Indm(T) = 

Hom, .g(C„ (g)C[Gl,7r(m,o-)) ^ 

(c°°{M)$5Endc(C[G])) ^ L J> V > 

HomEndG^(C[G])(C[G],C[G] ®c[Gm] ^) - Homc[G„](C[G„],cT). 

Notice that all these steps preserve the right action of Gm on C[G] or C[Gm]- The 
last term is Gm-equivariantly isomorphic to a via the evaluation map (j) i— )• 0(1). 

(c) Let d € N and divide ((Ml) out by It remains bijective, which implies that 

{Tcm/Ifim ^ Homc(F, V')f- 0(^^„^Endc(y))G (-^Gm//^„ ^ Homc(y, V')f- - 

(-^Gm//Gm®Endc(F'))^'"- 

Hence the bimodules (Jbm "Xi Homc(l/, 1/'))*^ and (J-bm ® Homc(F, T^'))*^ provide 
the required Morita equivalence. Knowing this, it is obvious that the proof of part 
(b) also works with formal power series instead of smooth functions. 

(d) All the previous arguments go through without change in the affine algebraic 
case. □ 

3.1. Ext-groups and the Yoneda product. Let M be a nonsingular complex 
affine variety. It is well known that (commutative) regular local rings admit Koszul- 
resolutions and that these can be used to determine Ext-spaces of suitable modules. 
This leads for example to 

Ext^(A,^)(C™,C^) ^ A*Tm{M), 

and with a little more work one can show that the Yoneda product on the left hand 
side corresponds to the A-product on the right hand side. It turns out that this can 
be generalized to crossed products with finite groups. We formulate the next result 
with complex affine G- varieties, but using \Was\ Proposition 6] and Subsection 12.11 
(for completions in the context of Prechet algebras) it is allowed to replace 0{M) 
by smooth functions on a manifold. 

Theorem 3.3. Let V,V' be finite dimensional Gm-fepresentations. 
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(a) Ext^^j^/jj^(^(Indm^, IndmV^O is isomorphic to 

HomG„(y^ A"7;;(M),y') = (Homc(F,n^ A"7;n(M))^'". 
(6) T/ie Yoneda product on Ext^^^^^Q(Indml^, Indm^) agrees with the usual product 
on (EndciV) ^ f\* Tmrnf-- . 

(c) For the regular representation V = C[Gm] we have IndmV = Ind^|j|J|^*^Cm and 

Ext^(A/)xGMgJ^]^^C^,Indg[;;jJ^^C„) - ^*T^iM) X Gm 
as graded algebras. 

(d) Let J-Gm be the completion of 0{M) with respect to the powers of the ideal 
Icm ■■= {/ G 0{M) : figm) = O^g £ G}. Endow it with the Frechet topol- 
ogy of a complex power series ring. Then (a), (b) and (c) remain valid if 
we replace Mod{0{M) xi G) by any of the following categories: Mod(J^G'm ^ 

G), ModpreiJ'Gm X G), Modtor {^Gm X G) . 

Proof, (a) First we copy a part of the proof of |QpSol[ Theorem 3.2]. Let Vm be 
V considered as a C°°(M) x Gm module with C°° (M)-character m. By Probe- 
nius reciprocity and because two 0{M) x Gm-representations with different central 
characters admit only trivial extensions 

^^g^ Ext^(M)xG(Ind™F, Ind„y') ^ ExtS(A^)^G„(Kn, Ind^T^') 

= ExtJ(^,j)^(^^(ym, Kn)- 

Let J-m be the completion of 0{M) with respect to the powers of the ideal 

Im ■■= {/ € 0{M) : f{m) = 0}. 

It annihilates Vm-, so 

as 0{M) X Gm-modules. Since Tm is flat over 0{M) pisl Theorem 7.2.b], so 
is J^m x G over 0{M) x G. Therefore the functor Tm x G(S'o(m)xg'^ induces an 
isomorphism 

(40) ExtS(^),^^(K., V;^) - Ext>,„,G™(K^, 

Because the Gm-module has finite codimension in 0{M), there exists a Gm- 
submodule Em C 0(M) such that 

(41) 0{M) = CeEm(Bli. 

As a Gm-module -Em is the cotangent space to M at m, more or less by definition 
of the latter. S inc6 is db locctl ring W6 have J'jyiEui — J'^n-^m'^ by NakciyQ-inci's 
Lemma. Any finite dimensional G^n-niodule is projective, so 

v®^''Em®Tm = ind^::^^™ {V ® A" Em) 

is a projective Fm x Gm-module, for all n € N. With these modules we construct a 
resolution of Kn- Define Fm x Gm-module maps 

Sn-V^^^'Em^Fm ^ F «) A""^ -7>n, 

?! 

(5„ (w ei A • • • A e„ (g) /) = {-'^Y^'^v ei A • • • A e^^i A e^+i A • • • A e„ ® Ci/, 

i=l 

5Q:V®Fm Vm, 

5q {v(S)f) = f{m)v. 



24 



ERIC OPDAM AND MAARTEN SOLLEVELD 



This makes 

(42) (y (g) A*^m®-Fm,'^*) 

into an augmented differential complex. Notice that in Mod(J-^m) this just the Koszul 
resolution of 

V (i^^ J' mj ^m-F m — ^m- 

Therefore (H2]l is the required projective resolution of Vm- Since admits the 7m- 
character m it is annihilated by Em, and in particular (poSn+i = for every J^m x Gm- 
module homomorphism (j) : V <Si Em ® Tm Vm- (The authors overlooked this 
important point while writing |OpSol| .) Consequently all the differentials in the 
complex 

(Homj-„^G„ [V ^/\*Em®Tm, Vln) , Hom((5„ idy^ )) 

vanish and 

Ext^(M)>.G^(^-'K^) =Hom^„^G„(l^® A"^m®-^m,V;;) 

= HomG„(y0A"^m,n- 

Recall that Em can be identified with T*^{M), so the dual space of /\^ Em is 
A" Tm{M). Thus we can express the right hand side of ([l3l) as 

I^omG^{V,^''Tm{M)(^V') ^ (Homc(y,n ^ A"rm(M))^™. 

(b) We recall from |Macl Section III. 6] how the Yoneda product can be defined using 
resolutions of modules. Let y be a module over any unital ring R and let — > K 
be a projective resolution. By definition Ext^(y, y) = i/"(HomR(P*, y)). Given 
any <f) G Homij(P„,y) with 4> ° ^n+i = 0, the projectivity of Pn guarantees that we 
can extend it to a chain map 0* € HomK(P*, P*) of degree — n: 



Pn+1 ^ Pn ^ • • • i Pi i Pn ^ • • • ^ ^ 



P 




n+l 

By |Macl Theorem III. 6.1] is determined by (j) up to chain homotopy, so Ext^(y, Y) 
can be regarded as End(P*, P^,) modulo homotopy. Now End(P*, P*) is a graded alge- 
bra, and by [Mac', Theorem III. 6. 4 and exercise III. 6. 2] its multiplication corresponds 
to the Yoneda product on Ext|j(y, Y). 
In our setting, by part (a) every 

G Ext;j,(A^)^G(Indn,F,Ind™y) ^ Ext>^^G^(y™, F^) 

can be taken of the form 

^ = ® ^ (EndcC^) ® A" Tm{M)f"'. 

Above we showed that (j42p is a projective resolution of Vm, so we want to lift (p to 
0* G Endjr^^x,G,„(y ® A* P^m ® J^m)- We claim that this can be done by defining 

Cl)m+n{v W (8) /) = Tpjiv) l{Xj)uJ f, 

where t{Xj)uj means that Xj is inserted in the last n entries of cj G /\"'^^ Em — 
f\"~^"^ T^{M) . It is clear that (f>^, is J-m x Gm-linear whenever (f> is so. To check 
that (j)^ is a chain map, we may just as well work inside Endj^^{V (8 A* Pm ® -Pm)- 
Then we can reduce the verification to (p of the form ip ® ti f\ ■ ■ ■ f\ tn with tp G 
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Endc(^) and tj G Tm{M) linearly independent. Furthermore it suffices to consider 
a; = ei A • • • A Cn+m for G Em such that (cfc , tj) = for all fe < m and all i. Now 
we calculate 

Sm4'miv<Siuj^ /) = (5m (^(-v) (g) ei A • • • A e^det {{ek+m , /) 

m 

= V'W ® X]*^"-^)*^! A • • • A ei_i A Ci+i A • • • A e„ det {{ck+m , *i))"fc=i <^ 
1=1 

m+n 

= ip{v) ^ X] A • • • A t„)ei A ■ ■ ■ A ei_i A e^+i A ■ ■ ■ A e^+m ® eif 

i=l 
n+m 

= (j)m-i ( X (g) ei A • • • A Ci-i A Ci+i A • • • A e^+m <Xi e^/) 

i=l 

= (/)m_i(5m+„(f (g) «) /). 

With these explicit lifts available, we can determine the Yoneda product. Since 

{tPj (g) t{Xj) (g idj-„) o {il^'^ z(A'fc) (g idj-„) = ViV-fc <Aj A A'fc) ® idj-„ 
we obtain 

(c) This follows from (b) and Lemma l3.ll 

(d) By the Chinese remainder theorem J^cm — ®m'(^Gm'^m' ■, so (p9|) becomes 

Ext>G™,G(indm^,ind„y') - Ext>^,G„(Kn, v;;). 

Thus the proof of (a), (b) and (c) also applies to Fcm x G- The remaining subtlety 
is that in Mod;,or(-^m x Cm) exact sequences are admissible if and only if they admit 
a bounded linear splitting. Hence the free modules in this category are of the form 
Fm X Gm®cF-, where F is any bornological vector space. Since ^ (g) /\* Em is a finite 
dimensional Gm-representation, it is a direct summand of C[Gm]°' for some (i G N. 
Hence all the modules V (g) /\" Em <g Fm of the Koszul resolution of Vm are direct 
summands of €.[GmY ®Fm = {F xi Gm)(gcC°', which means that they are projective 
in both the algebraic and the bornological sense. 

Futhermore we have to check that the projective resolution (j42p admits a bounded 
linear splitting. Since we dealing with Prechet spaces, bounded is the same as 
continuous. Via (j4ip we can identify Fm with the formal completion of the symmetric 
algebra of Em- This enables us to define the De Rham differential D : Fm — ^ 
/\^ Em <g Fm, which is easily seen to be continuous with respect to the Frechet 
topology. We define : V /\'^ Em Fm ^ V ^ /\"'~^^ Em Fm by 

Dniv (gi ei A • • • A e„ (g /) = (g ei A • • • A e„ A Df, 

and on the augmentation Vm we take D^i{v) = f (g 1. With a straightforward 
calculation one checks that 

{Dn-i6n + Sn+iDn)i{v (g ci A • • • A 6^ (g /) = (n + (g ci A • • • A e„ (g / 

for / G Fm homogeneous of degree g, except for n = g = 0, in which case 

{D^i6o + 6iDo){v (g 1) = v 1. 
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Since our resolution is the direct product of differential complexes indexed by the 
degree n + g, this shows that D^5^ + (5*15* is invertible. Hence D is the desired 
continuous contraction. □ 



4. Analytic R-groups 

We recall the definition of the analytic R-group from [ DeOp2| . Let (5 be a discrete 
series representation of T-Lp with central character W{Rp)r^ G Tp/W{Rp). Recall 
that a parabolic subsystem of Rq is a subset Rq C Rq satisfying Rq = RqC] Miig. 
We let Q denote the basis of Rq inside the positive subset Rq,+ ■= Rq H -Ro,+- We 
call Rq standard if Q C -Fq, in which case these notions agree with ([9]). The set of 
roots Rq \ Rp is a disjoint union of subsets of the form Rq \ Rp where Rq C Rq 
runs over the collection V^^^ of minimal parabolic subsystems properly containing 
Rp. We define ag G i?o,+ by Q = {P,aQ} and = agj^p G a^'* for Rq G V^i^- 
By the integrality properties of the root system Rq we see that 

(44) {a\^p -.ae Rq} CZa^. 

Clearly ag is a character of whose kernel contains the codimension one subtorus 
C T^. For each Rq G 'P^m define a VF(i?p)-invariant rational function on 
Thy 

(45) c^it):= H Co.it), 

where Cq, : T — )• C denotes the rank one c-function associated to a G i?o and the 
parameter function q oiH, see e.g. |DeOpl[ Appendix 9]. This Cq, plays an important 
role in the representation theory oiH, as it governs the behaviour of the intertwining 
operator Is^ associated to the reflection Sa- Roughly speaking, singularities of Is^ 
correspond to the zeros of Ca, while Ig^ tends to be a scalar operator on principal 
series representations parametrized by poles of Cq,. 

For any a G Rq\Rp the function Cq, is a nonconstant rational function on any 
coset of the form rT^. In particular Cg is regular on a nonempty Zariski-open subset 

of such a coset. By the VF(iip )-invariance we see that for t G and r G W(Rp)rs, 
the value of this function at rt is independent of the choice of r G W{Rp)rs. The 
resulting rational function t i— )• Cg(rt) on is clearly constant along the cosets 

of the codimension one subtorus T*^ C T^. We define the set of mirrors 
associated to Rq G 'P^m t° be the set of connected components of the intersection 
of the set of poles of this rational function with the unitary part of . We put 

(46) M^''= U A^5^ 

for the set of all mirrors in associated to the pair {P,d)- Given M G A4^'^ we 
denote by Rqm C Rq the unique element of V^^^ such that M G A4gij. Thus any 

mirror M G Al''^''' is a connected component of a hypersurface of of the form 
= constant. Observe that for a fixed pair (P, 6) the set AA^'^ is finite (and 
possibly empty). 

For every mirror M G Ai^'^ there exists, by |DeOp2 Theorem 4.3.i], a unique 
SAf G Wp^s (i-e- sm £ yVp,p and 6 S o ip^lj) which acts on TJ^ as the reflection in 
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M. For ^ = (P, 5, t) € rjun let be the collection of mirrors M G Ai^'^ containing 
t. We define 

(47) = {±a^M :MeM^} and R+ = {a^M : M e M^}. 

Tlien it follows from |DeUp2 Proposition 4.5] and (j44p that is a root system in 
0^'* and that i?^ C -Rj is a positive subset. Its Weyl group W{R^) is generated by 
the reflections sm with M £ Ai^, so it can be realized as a subgroup of = {w € 
W : w{^) = The R-group of ^ G H„„ is defined as 

(48) ^R^ = {weW^: w{Rp = 

and by |DeOp2 Proposition 4.7] it is a complement to W{R^) in W^: 

(49) = K ■W^(i?5). 

With these notions one can state the analogue of the Knapp-Stein linear indepen- 
dence theorem [KnStl Theorem 13.4] for affine Hecke algebras. For reductive p-adic 
groups the result is proven in |Sil] . see also |Artl Section 2]. 

Theorem 4.1. Let ^ G H„„. 

(a) For w G the intertwiner 7r(tt;,^) is scalar if and only if w £ W{R^). 

(b) There exists a 2-cocycle (depending on the normalization of the intertwining 
operators 7r(w,^) for w G W^J of^i^ such that End-^(7r(,^)) is isomorphic to the 
twisted group algebra C[lH^,Kg]. 

(c) Given the normalization of the intertwining operators, there is a unique bisection 

Irr(C[9^5,K^]) ^ Irrw5(5) : p ^ 7r(^,p), 

such that 7r(^) = 0pVr(^,p) ® p as Ti ® C[yi^, K(^]-modules. 

(d) Let Mod f^un,w^i'S) be the category of finite dimensional unitary S -representations 
that admit the central character W^,. The contravariant functor 

Mod/,„„,wc(5) ^ Mod/(C[9^^,K^]), 
TT I— )• Hom-^(7r, 7r(^)) 

is a duality of categories, with quasi-inverse p i— )■ tt{C,p) ■= Hom^^g^^ ,,^](p, 7r(^)). 

Proof. Part (a) is |DeOp2[ Theorem 5.4], parts (b) and (c) are |DeQp2[ Theorem 
5.5] and part (d) is |0pd2 Theorem 5.13]. □ 

Recall that C[9^^, k^] has a canonical basis {Tj- | r G 9^^} and that its multiplica- 
tion is given by 

(50) TrTr^ = K^{r, r')T„' r, r' G 91^ 

Via a trace map $|(vr) is naturally identified with the dual space of 

(51) $g(7r) := Hom^(7r(e), vr) = tt{C)* ®^ vr. 

Given that $|('/r) is a C[9l^, K^]-representation, (f50|) shows that $^('/r) is a represen- 
tation of C[lHg,K^^]. Thus Theorem 14. li d is equivalent to saying that the covariant 
functor 

$5 : Modf ^un,Wi{S) ^ Mod/(C[9^5,K-i]) 
is an equivalence of categories. Its quasi-inverse is 

(52) p ^ 7r(e) ®c[lR5,K-i] P- 
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It turns out that Theorem l4.1l is compatible with parabolic induction, in the following 
sense. For P C Q C Fq we have ^ = {P, 6, t) € H^n C The R- group of 

= n{n^,q) at e is 

(53) = {r e^^:r fixes tr£ pointwise}. 



The cocycle : x — )■ is the restriction of k^. By |0pd2 Proposition 
6.1] 

(54) Ind^[p^^-f^^o$*'3 = c|,^ 

as functors Modj„„ •^vq^(iS(7^*^, g)) Mod/(C[9^g, k^]). This follows from the same 
argument as for R-groups in the setting of reductive groups, which can be found in 
[Srtl Section 2]. 

Although it is not needed for our main results, it would be interesting to generalize 
Theorem 14.11 to non-tempered induction data ^ G H \ We will do that in a 

weaker sense, only for positive induction data. Sections 5 and 6 do not depend on 
the remainder of this section. 

One approach would be to define the R-group of ^ = (P, 5, t) to be that of = 
(P, (5, t |f|~"^). This works out well in most cases, but it is unsatisfactory if the isotropy 
group yV(^„ is strictly larger than W^. The problem is that tlil""*^ is not always a 
generic point of (T^)^^. To overcome this, we define to be the collection of 
mirrors M € A4^'^ that contain not only t \t\~^, but the entire connected component 
of t \t\~^ in {T^^)^i. Notice that all components of [T^)^^ are cosets of a complex 
subtorus of T^. Since t \t\^ G {T^)^i for all r G M, A4^ is precisely the collection 
of mirrors whose complexification contains t. 

Now we define , and 9^^ as in (|i8|) and (09]) . We note that 91^ may differ 

from 9^g„„, but that R^ = Rp^s,t' for almost all t' G (Pj^)^^- For positive induction 
data there is an analogue of Theorem I4.lt 

Theorem 4.2. Let C = (P, 6, t) G H+. 

(a) For w G the intertwiner Tr{w,(,) is scalar if and only if w ^ W{R^). 

(b) There exists a 2- cocycle of 9^^ such that End^(7r(^)) is isomorphic to the 
twisted group algebra C[D\^,k^]. 

(c) There exists a unique bijection 

Irr(C[9^g, K^]) ^ iTTn^^in) : p ^ 7r{^,p), 

and there exist indecomposable direct summands Hp of 'k{^), such that 7r(^,p) is 
a quotient of iTp and 7r(^) = 0pVrp ® p asH® C[9l^, n^-modules. 

Remark. Part (a) also holds for general ^ G H. Part (d) of Theorem 14.11 does 
not admit a nice generalization to G H"^. One problem is that the category 
Modj(C[9^g, At^]) is semisimple, while 7r((^) is not always completely reducible. One 
can try to consider the category of ^^-representations all whose irreducible subquo- 
tients lie in Irryv^(?^), but then one does not get nice formulas for the functors 
and <I>|. 

Proof, (a) and (b) Since ^ is positive, the operators 7r(ii;,^) with w G span 
EndH(7r(0) [Solk Theorem 3.3.1]. Let v G W{R^). The intertwiner T^{v,P,5,t') is 
rational in t' and by Theorem I4.1[ a it is scalar for all t' in a Zariski-dense subset of 



EXTENSIONS OF TEMPERED REPRESENTATIONS 



29 



{TunY^^- Hence T^{v,P,6,t') is scalar for all t' € (T^)^«, which together with ^ 
and (fTSj) implies that 

End-^(7r(^)) = span{7r(i(;, ^) : if S JH^}- 

All the intertwiners t:{w, P, 5, t') depend continuously on t' , so the type of 7r(P, 5, t') 
as a projective 9^g-representation is constant on connected components of (T^)^«. 
Again by Theorem I4.1i a {ti{w^^) : w G IHg} is linearly independent for generic 
t' G {T^^Y^^, so it is in fact linearly independent for all t' E (T-^)^«. Now the mul- 
tiplication rules for intertwining operators (jlSp show that End-^(7r((^)) is isomorphic 
to a twisted group algebra of 9^^. 

(c) Let A = Endc[fR^_K5] (^(0) be the bicommutant of 7r(^,7^) in Endc(vr(^)). There 
is a canonical bijection 

Irr(C[9^5, Kg]) ^ Irr(^) : p^iip 

such that 7r(^) = 0^ TTp^p as ^(S'C[lHg, Kg]-modules. By construction the irreducible 
^-subrepresentations of 7r(^) are precisely the indecomposable 7^-subrepresentations 
of vr(^). By |Sol31 Proposition 3.1.4] every vTp has a unique irreducible quotient 
^^-representation, say 7r(^,p), and vr(^,/9) = ■7r(^,p') if and only if vTp = -Kpi as %- 
representations. Thus p >->■ 7r{(,,p) sets up a bijection between Irr(C[9^g, k^]) and 
the equivalence classes of irreducible quotients of '/r(^). By Theorem 11.21 the latter 
collection is none other than Irr>vg(7^). □ 



5. Extensions of irreducible tempered modules 

In this section we will determine the structure of S in an infinitesimal neighbor- 
hood of a central character W^, and we will compute the Ext-groups for irreducible 
representations of this algebra. 

As Hu„, has the structure of a smooth manifold (with components of different 
dimensions) we can consider its tangent space Tg(Hu„) at ^. The isotropy group 
Wg acts linearly on Tg(Hu„) and for w G Wg we denote the determinant of the 
corresponding linear map by det{w)'jr^(^^^y Since the connected component of ^ in 
Eun is diffeomorphic to T^, we have 

mE^n) = I^HtL) = ia'' = i(a/ap). 
Recall the canonical W^-representation on Tg(S„„), and the decomposition = 
yV{R^) X 9^5. By Chevalley's Theorem [Him] the algebra M[rg(H„„)]^(^e) 

of real polynomial invariants on Tg(H„„) for the action of the real reflection group 
W{R^) is itself a free real polynomial algebra on dimT^ generators. Let be its 
maximal ideal of W^(i?g)-invariant polynomials vanishing at ^. Define 

(55) = m^/m^. 

Then carries itself a real representation of ^R^. Since the IHg-invariant ideal m| 
has finite codimension in M[Tg(S„„)]'^(-^?) we can choose a decomposition 

(56) M[rg(S„„)]^(^«) = M e ^5 e m| 

in $Hg-stable subspaces, where M denotes the subspace of constants. We will identify 
E^ with this O'lg-subrepresentation of M.[T^{Eun)]^^^'^^ ■ Clearly E^ generates the 
ideal m^. Let S{E^) = 0{Et ®^ C) be the algebra of complex valued polynomial 
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functions on and let S{E^) be its formal completion at & E^. Notice that (156p 
induces IHg-equivariant isomorphisms 

(57) 0(rg(S™))^(««) ^ and T^""'^ ^ S(E^) . 

Let : yi^ X ^ be the cocycle from Theorem 14. li b and let be a Schur 
extension of 9^^. This object is also known as a representation group f CuRej Section 
53] and is characterized by the property that equivalence classes of irreducible pro- 
jective 9^^-representations are in natural bijection with equivalence classes of (linear) 
9^|-representations. There is a unique central idempotent € C[5H|] such that 

as algebras and as C[9^|]-bimodules. Then |?|C[9^|] = C[yi^,K^]. With these nota- 
tions we can formulate a strengthening of Theorem 14.11 

Theorem 5.1. The Frechet algebras Sy^^ and p^(^S{E^) xi9^|) are Morita equivalent. 
There are equivalences of exact categories 

Mod^5'*°'-(5) - Modbo,(5n;e) = Mo<li,or{Pi(S{E^) x 9^|)), 
and similarly for Frechet modules. 

Proof. Write i = (P, (5, t). By 1^ and ^ we may replace 5 by 

(58) (C~(T„^n) ® Endc(C[W-^] Vs))'^^\ 
Let C be a nonempty open ball around t such that 

TTr^ TT \ Uf '\i w 

n wU^ — J 'i 



if w e Wp,5 \ W^. 

The localization of (I58[) at is 

^ ^ c^{u^r^ ® w,,, (c-(rj;) ® Endc(c[w^n » y,))^-'^ 

(59) ^ 

^ (C°°(C/5) ^ Endc(C[H^^] ^ ^5))^^. 

The action of on C'^{U{) ® Endc(C[W^^] ® Vs) is still defined by so for 

u; G and t' e C/^ 

(60) (u; • f ){t') = tt{w, P, 6, w-H')f{w-H')Tr{w, P, 6, uj-H')-^. 

Let be the vector space C[VK^] ® Vs endowed with the "H-representation vr(^). It 
is also a projective W^-representation, so we can define a W^-action on C°°(C/g) 
Endc(F5) by 

(61) (W ■ f){t') = 7T{w,i)f{w-H')TT{w,i)-\ 

The difference between ([60}) and ([6T]) is that 'K{w,P,5,w~^t') depends on t', while 
■k[w^ ^) does not. Since is W^-equivariantly contractible to t, we are in the right 
position to apply [Solll Lemma 7]. Its proof, and in particular [SoUl (20)] shows 
that the algebra ()59p . with the W^-action ()60p . is isomorphic to 

(62) (C-([/5)0Endc(F5))'^S 
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with respect to the W^-action ()6ip . By Theorem I4.1[ a the elements of W{R^) act 
trivially on Endc(V^), but nontrivially on C°°{U^). Moreover by ()49p W{R^) is 
normal in and W^/W{R^) = so we can rewrite (f62|) as 

(63) (C°°([/g)^(««) Endc(yf))''^ 
The formal completion of ()63p at ^ is 

(64) •^r'^c^(C/,)-e (C~(C/e)^(«^) ® Endc{V^)f^. 
By Lemma l2.2[ a the latter is isomorphic to 



where m^^'°° C C°°{U^)^^ denotes the ideal of flat functions at ^. We claim that 



(66) mJ^^''"C-([/5)^(«e) = mj^^^^^'^, 

the ideal of flat functions in C°°{U^)^^^i\ By Whitney's spectral theorem the 
right hand side of (j66p is closed, so it contains the left hand side. Let us prove the 
opposite inclusion. By the finiteness of the ring of VF(i?^)-invariant polynomi- 
als C?(T^(H„„))'^(^«) is finitely generated as a module over 0{T^{Eun))'^^ ■ Since 
OmiEun))^^ is Noetherian ring, there exists a finite presentation 

{o{mE^n)r^r ^ {o{mEun)rT ^ ©(^^(s™))^^^^) ^ o. 

Let Pi G 0(r5(H„„))^(^5) be the image of the i-th basis vector under P. Then 
A is an ni x n2-matrix with entries in 0(T^(S„„))^? , expressing the relations be- 
tween the generators Pi over C'(T^(H„„))^5 . Because the formal completion of 

0{Ti.{Eun))'^^ at i is flat over 0{T^{Eun)Y^^ 1 the relations module of the generators 
Pi is also given by the matrix A when working over the formal power series ring 

. In addition one easily checks that 

(67) F^^ ^a(T,(H„„))W. 0(T,(H„„))^(^.) = fY'^^\ 

Now let / G mf By an argument of Poenaru [Poet P-106] the Pi also generate 

(joo ^jj^-^W{Ri,) ^ ^ module over C°°(C/^)^?, so we may write / = Yl^=i'i^i^i with 
(j) = {4>i)^^i G (C°°(C/g)^^)"^. By applying the Taylor series homomorphism at 
^ we get = YliLi'Ti{4'i)Pi- It follows from (f67|) and the remarks just above that 
there exists a S {F^ ^)^^ such that t^((/)) = A{ip). By Borel's Theorem there exist 

G (C°°([/5)^«)"2 such that r^i-^) = i). Writing / := A(V') G {C'^{U^)^i)'^\ we 
obtain 

jii ni 
i=l i=l 

This proves (j66p . from which we conclude that (|65p is isomorphic to 

(68) [F^^''^^ ®Endc{V^)f^. 



32 ERIC OPDAM AND MAARTEN SOLLEVELD 

For compatibility with Section [3] we put M = CgiR C, m = and G = Gm = 
By Theorem 14. li e every irreducible representation of C[*H^,k^] = p|C[9^|] appears 
at least once in V^, soV^ contains precisely the same irreducible 9^|-representations 
as the right regular representation of on C[9^^,k^"^] = pgC[*K|]. Now parts (a) 
and (d) of Theorem 13.21 say that (IGSh is Morita equivalent to 

(69) ® Endc(P5C[5n|]))^« 
Because is central and by Lemma 13.11 (|69p is isomorphic to 

(70) s{E^) X p^c[^i] = (^) X mi) . 

This establishes the required Morita equivalence. Since the bimodules in the proof 
of Theorem I3.2[ a are bornologically projective, this Morita equivalence is an exact 
functor. That and parts (c) and (f) of Lemma 12.21 yield the equivalences of exact 
categories. □ 



The above proof and Theorem 13.21 show that the Morita bimodules are 

(71) (siE^) 0Bomc{TT{C),PiC[mi])Y^ and (^(i^) Homc(peC[lH|], ^(^ 

where C[1H|] is considered as the right regular representation of 9^|. The equivalence 
of categories maps vr € Modw^(5) to the S{E^) xi $H|-module 

Homc(7r(e),p^C[^H|])^? ® vr = p^Homc[«-i (vr(C), C[1H|]) ® tt. 

By construction Endc[9^|] (7r(^)) = 7r(^)('H), while Homc[ff;.] (7r(^), C[9^|]) is isomor- 
phic to the dual space of 7r(^) via the map C[9^|] — )• C defined by evaluation at 1. 
Hence the above module simplifies to 

p^TT{^y (8)-H TT = 7r(^)* (g)H vr = Hom^(7r(^), vr). 

Conversely, consider a S{E^) x pgC[lH^]-module p with central character € E^. 
The Morita equivalence sends it to 

Romc{pi^C[ml],7T{0f'^ ® p = plBomcm]{PiC[ml],7T{0) ® p 

= p|7r(0 p =vr(^) (g) p. 

Together with ()5ip and (I52p this confirms that Theorem 15.11 generalizes the covariant 
version of Theorem 14. li d. 

If vr' € Mod/,„„,>v5(5), then by ([50]) 

(72) $|(7r) (g) $g(vr') is a representation of C[lHg, 1], 
that is, a (linear) representation of the group IHg. 

Theorem 5.2. Let 7r,7r' be finite dimensional unitary S-modules with central char- 
acter WC- Let ^>|(7r) = Hom«(7r,7r(0) G Mod(C[lH5, k^]) and 
$g(7r') = Hom-H(vr(C),7r') € Mod(C[9^5, k^^]) he as in Theorem\4l\ Then 



(73) Ext?^(^,7r') ^ ($|(7r) 0c ^^(vr') 0r A" ^| 
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For vr = vr' the Yoneda-product on Ext^(7r,7r) corresponds to the usual product on 

Proof. Our strategy is to consider tt and n' as modules over various algebras A, 
such that the extension groups Ext^(7r, tt') for different A^s are all isomorphic. By 
lUpSolj Corollary 3.7.b] 

(74) Ext^(7r, tt') ^ Extg(7r, tt') n G Z>o. 

Since vr and vr' have finite dimension, it does not matter whether we calculate their 
Ext-groups in the category of algebraic 5-modules or in any of the categories of 
topological 5-modules studied in Section [2l 

From (I74p and exactness of localization we see that the first steps of the proof 
of Theorem 13.21 up to (f63l) . preserve the Ext-groups. For the computation of 
Ext5(7r, vr'), Corollary 12.61 allows us to replace <S by its formal completion = 
F^ ^^zS at the central character W^. This brings us to (j64p . which is Morita 
equivalent to (I70p . Under these transformations tt corresponds to ^^(vr), regarded 
as a representation of ()70p or of S{E^) xi lH|-representation via the evaluation at 0. 
Because (I70p is a direct summand of S{E^) x 9^|, we can consider the Ext-groups of 
^^(vr) and ^^{tt') just as well with respect to S{E^) xi Therefore 

(75) Ext?,(vr,^') - Ext^^^^^,(cl>5(vr),<l>5(^')), 

and we can apply Theorem 13.31 Here Fcm = Fm = S{E^) and f\^Tm{M) = 
Am -E'I <8im C, so by Theorem 13. 3i a 

(76) Ext^(7r,7r') ^ ($|(7r) ®c ^c(vr') ®r A"^|)^^- 

Moreover $|(7r)(8)c^g(vr') is a 9^g-representation, so the entire action factors through 
1H| — )• 9^^. Thus we may just as well use IH^ to determine the invariants in (j76p . 
The Yoneda product is described by Theorem 13. 3[ b. □ 



6. The Euler-Poincare pairing 
Let 7r,7r' G Modj('?^). Their Euler-Poincare pairing is defined as 

(77) EPuiT^y) = ^(-l)"dimcExt^(7r,7r'). 

n>0 

Since Ti is Noetherian and has finite cohomological dimension [OpSol Proposition 
2.4], this pairing is well-defined. By the main result of |OpSol| , for vr, tt' G Modj-(5) 

(78) SP5(^,7r') := X](-l)"dimcExtS(7r,^') equals EPn{TT,n'). 

n>0 

It is clear from the definition ()77p that EP-}{{tt,it') = if vr and vr' admit different 
2'('H)-characters. With (j78p we can strengthen this to £'P-^(vr, vr') = whenever 
vr and vr' admit different Z(5)-characters. This is really stronger, because Z{S) is 
larger than the closure of Z{'H) in S. By (j24p any discrete series representation 6 is 
projective in Modj(5), so 

EPs{5,t:') = dimcHom5((^,^') for all vr' G Mod/(5). 
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Together with ()78p this shows that 5 also behaves Uke a projective ^^-representation 
for the Euler-Poincare pairing (over Ti) of tempered modules, something that is 
completely unclear from (j77p . 

For e € M let q"" be the parameter function q^{w) = q{wY . For every e we have 
the affine Hecke algebra 7i(TZ,q'^) and its Schwartz completion S(TZ,q'^). We note 
that ?^(7^,g°) = C[W] is the group algebra of W and that 5(7^,g°) = S{W) is 
the Schwartz algebra of rapidly decreasing functions on W. The intuitive idea is 
that these algebras depend continuously on e. We will use this in the form of the 
following rather technical result. 

Theorem 6.1. [Sol3. Corollary 4.2.2] 

For e € [— 1, 1] there exists a family of additive functors 

a, : Modf{n{n,q)) Modf{n{n,q')), 

with the properties 

(1) the map 

[-1,1] ^EndV : e ^ ir.iN^) 

is analytic for any w £ W, 

(2) (Te is a bijection if e ^ 0, 

(3) (Te preserves unitarity, 

(4) preserves temperedness if e > 0, 

(5) preserves the discrete series if e > 0. 

Theorem 6.2. (a) For all 7r,7r' G ModfCH) and e G [0,1].- 

EPn(n,g'){ae{7r),a,i7r')) = EPn{7T,7r'). 

(b) The pairing EP-^ is symmetric and positive semidefinite. 

(c) Suppose P C Fo, MP / a* and V G Mod/(?^^). Then Ind:^p(y) lies in the 
radical of EPy^ . 

Proof. See Proposition 3.4 and Theorem 3.5 of |OpSol| . We note that the symmetry 
of EP-}i is not automatic, it is proved via part (a) for e = and a more detailed 
study of -EPiy = -EP-^(7^ gO) |OpSol[ Theorem 3.2]. □ 

The pairing EP-^i extends naturally to a Hermitian form on Gc{T-L), say complex 
linear in the second argument. By Theorem 16. 2[ c it factors through the quotient 

Ellin) := Gc{n) / Yl ind^p{Gc{n'')) 

PcFo,RP^a* 

Following |0pd2| we call Ell(?^) the space of elliptic characters of 7i. Notice that 
Ell(?^) = and EP-^i = if the root datum TZ is not semisimple. 

Lemma 6.3. The composite map Gc{S) Gc{T-L) — ?• Ell('H) is surjective. 

Proof. We may and will assume that TZ is semisimple. We have to show that every 
irreducible "H-representation vr can be written as a linear combination of tempered 
representations and of representations induced from proper parabolic subalgebras. 
Recall |Sol3l Section 2.2] that a Langlands datum is a triple (P, cr, t) such that 

• P C Pq and a is an irreducible tempered "Hp-representation; 

• tePP and Itl G r^++. 
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The Langlands classification |Sol31 Theorem 2.2.4] says that the ^^-representation 
7T{P,a,t) has a unique irreducible quotient L{P,a,t) and that there is (up to equiv- 
alence) a unique Langlands datum such that L{P, a, t) = vr. 

If P = Fq, then = {1} because TZ is semisimple. So Tip = Ti^ = % and 
vr = (T, which by definition is tempered. 

Therefore we may suppose that P ^ Fq. Since 7r(P, u, t) is induced from Ti.^ , we 
have vr = L{P,a,t) - TT{P,a,t) in El\{n). By [SdHl Lemma 2.2.6.b] 

7TiP,a,t)-L{P,a,t) € Gcin) 

is a sum of representations L{Q,t,s) with P C Q and ||ccp(ct)|| < ||ccq(t)||, where 
ccp{a) is as in (jl9p . Given the central character of vr (an element of T/Wq), there 
are only finitely many possibilities for ccp{a). Hence we can deal with the represen- 
tations L{Q,T,s) via an inductive argument. □ 

From |Sol31 Lemma 4. 2. 3. a] we know that ao : Modf{7i) —J- Mod f{W) commutes 
with parabolic induction, so it induces a linear map 

(79) fJEu : Ell{n) Ell{W) = Ell{n{n, g°)) . 

Theorem 6.4. The pairings EP-^ and EPy/ induce Hermitian inner products on 
respectively Ell{'H) and EU{W), and the map cjeii is an isometric bijection. 

Proof. By Lemma [6.31 and |Sol31 (3.37)], (Teh is a linear bijection. According to 
|OpSol[ Theorem 3.2.b] EPw induces a Hermitian inner product on Ell(l^), and by 
Theorem 16 . 2 1 gpi i is an isometry. Therefore the sesquilinear form on Ell('H) induced 
by EPy^ is also a Hermitian inner product. □ 



6.1. Arthur's formula. In this subsection we prove Arthur's formula for the Euler- 
Poincare pairing ()77p for tempered representations of affine Hecke algebras ([2]). 

Recall the setup of Theorem 15.21 The expression det(l — w)'p^(^^^^-^ = det(l — w)^p 
is analogous to the "Weyl measure" in equation ([3]) and to d{r) in equation (jSj. 
Notice that 

det(l-«;)T,(H.„)>0 

because the tangent space of H„„ at ^ is a real representation of the finite group 
Wg. Clearly det(l — w)'Pg.(Eun,) 7^ if and only if w acts without fixed points on 
T^{Eun) \ {0}, in which case we say that w is elliptic in Wg. 

It is an elementary result in homological algebra that, for the purpose of comput- 
ing Euler-Poincare pairings, one may replace any module by its semisimplification. 
Hence in the next theorem it suffices to compute i?P-^(7r, vr') for vr, vr' € Modj^vV5(5) 
completely reducible. Recall that irreducible tempered modules are unitarizable 
[DeOpl Corollary 3.23]. In particular Theorem 14. li d applies to vr and vr'. 



Theorem 6.5. Lei7r,7r' G Modj^„„^w^(5), as in Theorem \4-l\ d. Denote by ^'^{tt) = 
Hom-^(7r, 7r(^)) anc? <I>^(7r') = Hom-^(7r', 7r(^)) the corresponding modules ofC[d\^,K^]. 
Then 



EPni-K^ir') = ^ Yl d^*(^ - ^)T^(H„„)tr4.*(^)(r)tr$*(^,)(r). 
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^(-1)" dime ($|(^) '^^(vr') ®R A" ^1)^^ 

n>0 

Y^{-1)-\^1\-^ tr^.(,)(r)tr^^(,,)(r)tr/^n ^Jr) 
n>0 remj ^ 

l^^r' E tr$-w(r)tr<j,j(,,)(r)^(-irtr/^^n ™(r) 

relK| n>0 ^ 

l^ir' E tr$j(,)(r)tr<,*(,,)(r)det(l-r)E|. 

Notice that this formula does not use the entire action of on E^, only det(l— r)£;|. 
This determinant is zero whenever r G 9^^ fixes a nonzero vector in E^. Suppose 
that is nonempty. Then i?^ is a nonempty root system in a'^ and MiZ^ can be 
identified with a subspace of E^. Every r G fixes X^Q,g^+ a"^ G \ {0}, so r 
fixes nonzero vectors of Tt{U^) and E"^. We conclude that 

det(l - r)Ei = = det(l - r)r,(c/,) 

whenever i?^ is nonempty. Therefore we may always replace E^ by Tt{U^) = Tg(Hu„) 
in dSni). So by ([75]) and (I5D|) 

(81) EPn{7T,7T') = I^H^I-i det(l - r)r^(=_)tr$.(,)(r)tr$.(,,)(r). 

Finally we want to reduce from to The action of 1H| on T^(S„„) is defined via 
the quotient map — )• 9^^, so that is no problem. By ([72|) the lH|-representation 
^*^(7r) (8" is actually a representation of 91^, with trace 

tr$j(^)cg,ci,-(^').(r) = tr$.(^)(r)tr$.(^/)(r). 

Hence any two elements of with the same image in yi^ give the same contribution 
to dSI]). □ 

The next result follows from Theorem 16.41 but it is also interesting to derive it 
from Theorem 16. 5| since that proof can be generalized to reductive groups. 

Corollary 6.6. Let ^ = iP,S,t) € Eun and let x G Gc(Mod/,„„,>vc('5)) C GcCH). 
Then EP-h{x,x) = if and only if x € Y.PcQcFo,RQyta* Ind^Q(G'c('H'^))- 

Proof. The formula (jST]) says (by definition) that SP-^(x,x') is the elliptic pairing 
CfR* ($g(x')) *^'c(x)) of trace functions on 9l| with respect to the 9^|-representation 
T^{Eun), in the sense of Reeder |Ree| . By [Reej Proposition 2.2.2] the radical of the 
Hermitian form efH| is Indp^ (Gc(r)), where the sum runs over all subgroups 
r C -R| for which r^(S„„)'" ^ 0. Clearly it suffices to consider F's that contain the 
central subgroup = ker(£H| — )• *H^). From ([HT]) we see that D'll-representations 
with different Z^-character are orthogonal for e^i* , so the above remains valid if we 
restrict to pGc{dV^) = Gc(C[*>l^, k^]). In particular 

(82) e^^^{<^^{x),Mx)) = ^ Mx) e Kcp' (Gc(pC[F*])) , 



Proof By ([76]) 
(80) EPniiT^n') = 
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where C T* C and T^(Eun)^' / 0. Since IH^ is built from elements of the 

Weyl groupoid W, T^{Eun)^ is Wg-conjugate to o*^ for some set of simple roots 
Q D P. In view of (jl9|) and ([53|) this means that T* /Z^ is conjugate to a subgroup 

of 9^^. Thus the right hand side of ([82]) becomes 

PCQCFo,a«7^0 L e ' « J 

Theorem 14. li d implies that 

: Gc(Mod;,,„,wQe('5(^'^,9))) ^ G'c(C[lH^,K^]) 
is bijective, which together with ([5l|) allows us to rephrase ([82]) in Gc{T-l) as 

i5^^w(x,x) = ^ X G E Ind«g(Gc(Mod^,„„,H'Qs('5(7e«,(?)))). 

PcQcFo,a«5>^0 

Finally we note that the condition o*^ 7^ is equivalent to MQ 7^ a*. □ 



7. The case of reductive ^-adic groups 

Here we discuss how the proofs of our main results can be adjusted so that they 
apply to tempered representations of reductive groups over local non-archimedean 
fields. 

Let L be a reductive p-adic group, let 7i{L) be its Hecke algebra and let Mod(?^(L)) 
be the category of smooth L-representations. Let K G Lhe any compact open sub- 
group and consider the subalgebra T-L{L,K) of A'-biinvariant functions in 1-L{L). 
According to [BePe] Section 3] there exist arbitrarily small "good" compact open 
K such that Mod('H(L, K)) is equivalent to the category consisting of those smooth 
L-representations that are generated by their JC-invariant vectors. Here the adjec- 
tive good means that the latter category is a Serre subcategory of Mod('H(L)). It 
also is known from [BeDe] that these subcategories exhaust Mod(?^(L)). 

The tempered smooth L-representations are precisely those smooth representa- 
tions that extend in a continuous way to modules over the Harish-Chandra-Schwartz 
algebra S{L). All extensions of admissible <S(L)-modules can be studied with sub- 
algebras iS(L, K) of K-biinvariant functions, see jScZil] OpSo3 



similar to the Plancherel isomorphism for the S{L) |ScZi21 IWal 



Clearly ([23]) is 
One can easily 



deduce from |Wal) that the subalgebra S{L, K) has exactly the same shape as ([24]) 
see [Soil] Theorem 10]. 

Suppose that V € Mod(5(L)) is admissible. By comparing explicit projective 



resolutions of V as an ?^(L)-module and as an 5(L)-module, it is shown in |OpSo3 
Proposition 4. 3. a] that 

(83) Ext^(^)(y, V') ^ Extg(i)(T/, V) for ah V' G Mod(5(L)). 

Here we work in the category of all modules over 'H{L) or S{L), as advocated 
by Schneider and Zink |ScZil[ IScZi2| . Assume that V and V are generated by 
their i^-invariant vectors for some good compact open subgroup K. Then |OpSo3 



Proposition 4.3.b] says that ([83]) is also isomorphic to Extgj^^ ^^(1/^, F'''^). In case 
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that moreover V'^ is a Frechet S{L, i^)-module, |OpSo3 Proposition 4.3.c] provides 
a natural isomorphism 

(84) Extg(^,^)(y^, y'^) - Ext^„d..(S(L,i.))(^'', y'')- 

Here the subscript 'Fr' indicates the category of Frechet modules with exact se- 
quences that are linearly split. These results can play the role of [OpSol Corollary 



3.7] in the proofs of Corollary 12.61 and Theorem 15.21 for p-adic groups. 

Alternatively, one can consider S{L) as a bornological algebra. It is natural to 
endow S{L) with the precompact homology and l-i{G) with the fine homology, see 
|Mey2| . For all bornological 5(L)-modules V,V' and all n € Z>o 

(85) Ext?:i„d,„.(«(L))(^,^') = ^^^Mo^^^^is^ivy) 

by |Mey2 Theorem 21]. It follows quickly from the definition of the fine homology 



|Mey2i pp. 364-365] that 

Ext^(i) {V, V) - Ext^:i„d,„.(«(L)) {V, V) if V is admissible. 

Let P be a parabolic subgroup and M a Levi factor of P. Let a be an irreducible 
smooth unitary M-representation which is square-integrable modulo the center of 
M. The L-representation Ip[a), the smooth normalized parabolic induction of a, 
plays the role of 7r(^). Choose good compact open subgroups Ki C L such that Xp{a) 
is generated by its ETj-invariant vectors. We may assume that the Ki decrease when 
z G N increases and that fli-^i = {!}) so S{L) = [_\^S{L,Ki). Harish-Chandra's 
Plancherel isomorphism for L shows that S{L) contains a direct summand 

(86) S{Lr = \JS{L,KiY 

which governs all tempered L-representations in the block determined by a. More- 
over the algebras S{L,Ki)" are nuclear Frechet of the form (I33p . and they are all 
Morita equivalent. The algebra S{LY is Morita equivalent to S{L,Ki)" via the 
bimodules S{LYeKi and eKi<S{LY , where G ^(-^^) is the idempotent associated 
to Ki. However, S{LY is not a Frechet algebra, only an inductive limit of Frechet 
algebras. 

All the algebras in (j86p have the same center, which by |Wal] is isomorphic to 
C°°(r)^ for a suitable compact torus T and a finite group W. The representation 
a determines a point of T and an orbit Wo" C T. Let m'^^ C (7°°(T)^ be the ideal 
of functions that are flat at Wo". We define 



<5(i)w. = S{LY/m^^S{LY, 

Mod^;'*°^(5(L)) = {y G Mod,o,(5(L)) : m^^V = 0}. 

All the results from Sections [2] and [3] also hold for these objects, with some obvious 
changes of notation. We have to be careful only when we want to apply Theorem 
3.2l to S{LY ■ The complication is that over there we work with a finite dimensional 
representation V of some finite group G, which in the case under consideration is a 
central extension 9^* of the R-group D^o- from |Sil| . That is enough for S{L,KiY, 
but for S{LY we are naturally lead to the infinite dimensional module V = Ip{a). 
Then we must replace the bimodules ()34p by 



l—^OO 
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where the subscript Ki means coinvariants and the superscript Ki means invariants. 
In view of (|86p . the proof of Theorem 13.21 goes through. 

The proof of Theorem 15.21 rehes on two deep results: the Knapp-Stein hnear 
independence theorem (Theorem 14. ip and the Plancherel isomorphism for S ()23p . 
These also hold for the algebras S{L),S{LY and S{L,KiY, as we indicated above, 
so our proof remains valid. We obtain equivalences of exact categories 

(88) Mod^;-*"" (5(L)) ^ Modbor (-WvyJ = Mod^or (pa(^S) >^ K)) ■ 

We note however that these equivalences do not preserve Frechet modules, essentially 
because S{L) is too large to admit enough such modules. The first part of 
does not change the modules, the second part comes from a Morita equivalence of 
bornological algebras. To find the Morita bimodules, we start with (|87p . From the 
proof of Theorem 13.21 we see that we must take 9^* -invariants and that we have to 
replace C°°{T) by a formal power series ring, which is none other than S{Eu). So 
the functor from left to right in (I87p is given by the bornological tensor product with 

/ \ 9^* 

(89) D= lim (S{E^)(g)Romc{lji{a)K,,p^C[K])) ^ 

over S{L)y^^. For the opposite direction we can tensor with the bimodule 

/ ~ \ ^* 

(90) D"" = lim (s{E^)(S)Romc{paC[m:],lji{af^)] ^ 

over the algebra 

To compute the Ext-groups we need the fundamental result (f85]l . Using that the 
proof of Theorem 15.21 goes through, thus establishing Theorem [3l 

Now it is clear that our proof of 16.51 is also valid for L. To formulate the re- 
sult, consider the real Lie algebra Hom(X* (M),M) of the center of M. The group 
9^0- acts on Hom(X*(M),M) and we denote by d{r) the determinant of the linear 
transformation 1 — r. Let vr be a finite length unitary tempered L-representation all 
whose irreducible constituents occur in Tp{a) and let p = Homj;,(7r,Xp((T)) be the 
projective D^o-representation associated to it via the Knapp-Stein Theorem. Then 

(91) EPL{Tiy) = |lH.r^ Irf(?')|trp(r) 

To relate this to Kazhdan's elliptic pairing we need some additional properties of 
the Euler-Poincare pairing in Mod(?{(L)). Recall that Gic{L) is the Grothendieck 
group of the category of admissible L-representations, tensored with C. Since the 
elliptic pairing eL(7r,7r') depends only on the traces of vr and tt', it factors via the 
canonical map from admissible representations to the Grothendieck group. By stan- 
dard homological algebra EPi has the same property. We extend pairings to Gc{L) 
by making them conjugate linear the first argument and linear in the second. 

Lemma 7.1. Suppose that the center Z{L) of L is compact. Then Gc{L) is spanned 
by the union of all irreducible tempered L-representations and all representations 
parabolically induced from proper Levi subgroups of L. 

Proof. This follows from the Langlands classification, for which we refer to [B oWal 
Section XL 2] and [Konj . The argument is analogous to the proof of Lemma [6.31 □ 
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The next result is known from [ScStl Lemma III. 4. 18], but the authors found it 
useful to have a simpler proof that does not depend on the projective resolutions 
constructed in [ScStj . 

Proposition 7.2. (a) Let P be a parabolic subgroup of L with Levi factor Ad , such 

that Z{M) is not compact. Then Ip{Gc{M)) lies in the radical of EP^. 
(&) EPl is a Hermitian form on Gc{L). 

(c) EPi is positive semidefinite and its radical is J2 p m -^pi^c{M)) , where the sum 
runs over P and M as in part (a). 

Proof, (a) Since we do not yet know that EPl is Hermitian, we have to deal with 
both its left and its right radical. According to |Bez[ Claim 4.3], an elementary 
argument which Bezrukavnikov ascribes to Bernstein, 

(92) EPl = if Z{L) is not compact. 

Let V, W be smooth L-representations and V , W admissible smooth M-representations. 
By Frobenius reciprocity 

(93) Ext2(y,X|(Ty')) = ExtUrUV),W'), 

where rji denotes Jacquet's restriction functor. As M is a proper Levi subgroup 
of L, its center is not compact, so (i92]l and (i93]l show that Xp{W') is in the right 
radical of EP^. Now we could use Bernstein's second adjointness theorem to reach 
to same conclusion for the left radical, but we prefer to do without that deep result. 

Let V denote the contragredient representation of V , that is, the smooth part 
of the algebraic dual space of V . The functor V ^ V is exact and for admissible 
representations V = V . Suppose that F, W are admissible and that 

(94) O^VF^K^ >Vi^V 

is an n-fold extension in Mod(?^(-L)). The contragredience functor yields n-fold 
extensions 

(95) o^y^vi^ >Vn^W 

(96) ^^W ^Vn^ >Vi^V 

The existence of a natural inclusion Vj — > Vj means that (j96p is equivalent to (j94p 

in the sense of Yoneda extensions. Hence the functors Vj i— )• Vj and Vj i— > Vj induce 
isomorphisms between the corresponding Yoneda Ext-groups. Since Mod(?{(L)) has 
enough projectives, we may also phrase this with the derived functors of Hom^: 

(97) Ext2(F, W) ^ Ext2(W^, V). 
By ([97]), [Cas", Proposition 3.1.2] and ([93]) 

Ext2(2:p(l^')>l^) = Ext2(T^, 2:^(^0) = Ext2(T^,2:^(V")) = E^^M{rp{W),V'). 
Now ([92]) shows that T^{V') is in the left radical of EPl. 

(b) By part (a) and Lemma |7. II it suffices to check that EPl is symmetric for tem- 
pered admissible L-representations. Since this pairing factors via the Grothendieck 
group we may moreover replace every representation by its semisimplification. Such 
tempered representations V^ W are unitary by [Wall Prop III.4.1], which implies that 
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V (resp. W) is isomorphic to the contragredient of the conjugate representation V 
(resp. W). Using ([97|) we conclude that 

EPl{V, W) = EPl{V,W) = EPl{W,V) = EPl{W, V). 

(c) By (j85p tempered representations with different Z(5(L))-characters are orthog- 
onal for EPl. Thus we only have to check positive definiteness for the Grothendieck 
group of finite length unitary 5(L)-representations with one fixed Z(5(L))-character, 
modulo the span of representations that are parabolically induced from the indicated 
Levi subgroups. In this setting the proof of Corollary 16.61 applies, all the required 
properties of R-groups are provided by [Art! Section 2] . That determines the radical, 
while (|91|) shows that EP^ is positive semidefinite. □ 

Recall the elliptic pairing bl on Gc{L) from [Kaz] and ([3]). 

Theorem 7.3. Suppose that the local non-archimedean field underlying L has char- 
acteristic 0. Then EPi{'k,tt') = ei(7r,7r') for all admissible L -representations. 

Proof. According to [Kaz I Theorem A] and Proposition I7.2[ c the Hermitian forms 
cl and EP^ have the same radical. Reasoning as in the proof of Proposition I7.2i b. 
it suffices to check the equality EPL{TT,-ir') = eL(7r,7r') for irreducible tempered 
L-representations tt,it'. This follows from (j9ip and \Ait\ Corollary 6.3]. □ 

References 

[Art] J. Arthur, "On elliptic tempered characters". Acta. Math. 171 (1993), 73-130 

[BeDe] J.N. Bernstein, P. Deligne, "Le "centre" de Bernstein", pp. 1-32 in: Representations des 

groupes reductifs sur un corps local, Travaux en cours, Hermann, 1984 
[Bez] R. Bezrukavnikov, "Homological properties of representations of p-adic groups re- 
lated to geometry of the group at infinity", PhD. Thesis, Tel- Aviv University, 1998, 
arXiv:math.RT/0406223 

[BoWa] A. Borel, N.R. Wallach, Continuous cohomology, discrete subgroups, and representations 
of reductive groups. Annals of Mathematics Studies 94, Princeton University Press, Princeton 
NJ, 1980 

[BuKu] C.J. Bushnell, P.C. Kutzko, "Types in reductive p-adic groups: the Hecke algebra of a 

cover", Proc. Amer. Math. Soc. 129.2 (2001), 601-607. 
[Cas] W. Casselman, "Introduction to the theory of admissible representations of p-adic reductive 

groups", preprint, 1995 

[Che] C.C. Chevalley, "Invariants of finite groups generated by reflections", American J. Math. 
77.4 (1955), 778-782 

[CuRe] C.W. Curtis, I. Reiner, Representation theory of finite groups and associative algebras. Pure 

and Applied Mathematics 11, John Wiley & Sons, 1962 
[DeOpl] P. Delorme, E.M. Opdam, "The Schwartz algebra of an affine Hecke algebra", J. reine 

angew. Math. 625 (2008), 59-114 
[DeOp2] P. Delorme, E.M. Opdam, "Analytic R-groups of afline Hecke algebras", arXiv:0909.1227, 

2009, to appear in J. reine angew. Math. 
[Eis] D. Eisenbud, Commutative algebra with a view to algebraic geometry. Graduate Texts in 

Mathematics 150, Springer Verlag, 1995 
[HC] Harish-Chandra, "Harmonic analysis on real reductive groups HI. The Maass-Selberg relations 

and the Plancherel formula", Ann. of Math. 104 (1976), 117-201. 
[Hei] V. Heiermann, "Operateurs d'entrelacement et algebres de Hecke avec parametres d'un groupe 

reductif p-adique - le cas des groupes classiques" , Selecta Math. 17 (2011), doi: 10.1007/s00029- 

011-0056-0 

[Hum] J.E. Humphreys, Reflection groups and Coxeter groups, Cambridge Studies in Advanced 
Mathematics 29, Cambridge University Press, 1990 



42 



ERIC OPDAM AND MAARTEN SOLLEVELD 



[Kaz] D. Kazhdan, "Cuspidal geometry of p-adic groups", J. Analyse Math. 47 (1986), 1-36 
[Kel] B. Keller, "Chain complexes and stable categories", Manuscripta Math. 67.4 (1990), 379-417 
[KnSt] A.W. Knapp, E.M. Stein, "Intertwining operators for semisimple groups IF', Invent. Math. 
60.1 (1980), 9-84 

[Kon] T. Konno, "A note on the Langlands classification and irrcducibility of induced representar- 

tions of p-adic groups", Kyushu J. Math. 57 (2003), 383-409 
[Kopp] M.K. Kopp, "Prechet algebras of finite type". Arch. Math. 83.3 (2004), 217-228 
[LePl] C.W. Leung, R.J. Plymen, "Arithmetic aspects of operator algebras". Compos. Math. 77.3 

(1991), 293-311 

[Lusl] G. Lusztig, "AfRne Hecke algebras and their graded version", J. Amer. Math. Soc 2.3 (1989), 
599-635 

[Lus2] G. Lusztig, "Classification of unipotent representations of simple p-adic groups", Internat. 

Math. Res. Notices 11 (1995), 517 589. 
[Mac] S. Mac Lane, Homology, Grundlehren der mathematischen Wissenscliaftcn 114, Springer- 

Verlag, 1975 

[MeVo] R. Meise, D. Vogt, Einfiihrung in die Funktionalanalysis, Vieweg Studium: Aufbaukurs 

Mathematik 62, Priedr. Vieweg & Sohn, 1992 
[Meyl] R. Meyer, "Embeddings of derived categories of bornological modules", 

arXiv:math.FA/0410596, 2004 
[Mey2] R. Meyer, "Homological algebra for Schwartz algebras of reductive p-adic groups" , pp. 263- 

300 in: Noncommutative geometry and number theory, Aspects of Mathematics E37, Vieweg 

Verlag, 2006 

[Mor] L. Morris, "Level zero G-types", Compositio Math. 118 (1999), 135-157 

[Oort] F. Oort, "Yoneda extensions in abeUan categories". Math. Ann. 153 (1964), 227-235 

[Opdl] E.M. Opdam, "On the spectral decomposition of affine Hecke algebras", J. Inst. Math. 

Jussieu 3.4 (2004), 531-648 
[Opd2] E.M. Opdam, "Hecke algebras and harmonic analysis", pp. 1227-1259 in: Proceedings ICM 

Madrid 2006 Vol. II, European Mathematical Society Publishing House, 2006 
[OpSol] E.M. Opdam, M. SoUeveld, "Homological algebra for affine Hecke algebras". Adv. Math. 

220 (2009), 1549-1601 

[OpSo2] E.M. Opdam, M. Solleveld, "Discrete series characters for affine Hecke algebras and their 

formal dimensions". Acta Math. 105 (2010), 105-187 
[OpSo3] E.M. Opdam, M. Solleveld, "Extension of tempered representations of reductive p-adic 

groups" , in preparation 

[Poe] V. Poenaru, Singularites C°° en Presence de Symetrie, Lecture Notes in Mathematics 510, 

Springer- Verlag, 1976. 

[Qui] D. Quillen, "Higher algebraic K-theory", pp. 85-147 in: Algebraic KK-theory, I: Higher KK- 

theories. Lecture Notes in Mathematics 341, Springer- Verlag, 1973 
[Ree] M. Reeder, "Euler-Poincare pairings and elliptic representations of Weyl groups and p-adic 

groups". Compos. Math. 129 (2001), 149-181 
[Roc] A. Roche, "Parabolic induction and the Bernstein decomposition". Compos. Math. 134.2 

(2002), 113-133. 

[ScSt] P. Schneider, U. Stuhler, "Representation theory and sheaves on the Bruhat-Tits building" , 

Publ. Math. Inst. Hautes Etudes Sci. 85 (1997), 97-191 
[ScZil] P. Schneider, E.-W. Zink, "The algebraic theory of tempered representations of p-adic 

groups. Part 1: Parabolic induction and restriction", J. Inst. Math. Jussieu 6 (2007), 639-688 
[ScZi2] P. Schneider, E.-W. Zink, "The algebraic theory of tempered representations of p-adic 

groups. Part II: Projective generators", Geom. Punc. Anal. 17.6 (2008), 2018-2065 
[Sil] A.J. Silberger, "The Knapp-Stein dimension theorem for p-adic groups", Proc. Amer. Math. 

Soc. 68.2 (1978), 243 246, and "The Knapp-Stein dimension theorem for p-adic groups. Cor- 
rection" Proc. Amer. Math. Soc. 76.1 (1979), 169-170 
[Slo] K. Slooten, "Induced discrete series representations for Hecke algebras of types and C^" , 

Internat. Math. Res. Notices 10 (2008), doi: 10.1093/imrn/rnn023 
[Soil] M. Solleveld, "Some Frechet algebras for which the Chern character is an isomorphism", 

K- Theory 36 (2005), 275-290 



EXTENSIONS OF TEMPERED REPRESENTATIONS 



43 



[Sol2] M. SoUeveld, Periodic cyclic homology of affine Hecke algebras, PhD Thesis, Universiteit van 

Amsterdam, 2007, arXiv:0910.1606 
[Sol3] M. SoUcvcld "On the classification of irreducible representations of affine Hecke algebras with 

unequal parameters", arXiv:1008.0177, 2010, to appear in Representation Theory 
[Tou] J-C. Tougeron, Ideaux de Fonctions Differentiables, Springer Verlag, 1972 
[ToMe] J-C. Tougeron, J. Merrien, "Ideaux de Fonctions Differentiables H", Annales de I'institut 

Fourier, 20.1 (1970), 179-233 
[Vogt] D. Vogt, "On the functors Ext^(£, F) for Frcchet spaces", Studia Math. 85 (1987), 163-197 
[VoWa] D. Vogt, M.J. Wagner, "Charakterisierung der Quotientenraume von s und eine Vermutung 

von Martineau", Studia Math. 67 (1980), 225-240 
[Wal] J.-L. Waldspurger, "La formule de Plancherel pour les groupes p-adiques (d'apres Harish- 

Chandra)", J. Inst. Math. Jussieu 2.2 (2003), 235-333 
[Was] A. Wassermann, "Cyclic cohomology of algebras of smooth functions on orbifolds", pp. 229- 

244 in: Operator algebras and applications Vol. I, London Mathematical Society Lecture Notes 

135, Cambridge University Press, 1988. 

KORTEWEG-DE VRIES INSTITUTE FOR MATHEMATICS, UNIVERSITEIT VAN AMSTERDAM, SCIENCE 

Park 904, 1098 XH Amsterdam, The Netherlands 
E-mail address: e.m.opdam@uva.nl 

Institute for Mathematics, Astrophysiscs and Particle Physiscs, Radboud Univer- 
siteit NijMEGEN, Heyendaalseweg 135, 6525AJ Nijmegen, The Netherlands 
E-mail address: m.solleveld@science.ru.nl 



